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Fig. 9.1. Volume preserving deformation of the ball of radius 1, centred at the origin, by the
ABCflow;A=1/2,B=C=1
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This procedure can be repeated: we start with a symmetric method of order 2, apply
(4.4) with p = 2 to obtain order 3; due to the symmetry of the +’s this new method
is in fact of order 4 (see Theorem 3.2). With this new method we repeat (4.4) with
p = 4 and obtain a symmetric 9-stage composition method of order 6, then with
p = 6 a 27-stage symmetric composition method of order 8, and so on. One obtains
in this way any order, however, at the price of a terrible zig-zag of the step points
(see Fig.4.2).
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Fig. 4.2. The Triple Jump of order 4 and its iterates of orders 6 and 8



Example 4.3 (Suzuki’s Fractals). If one desires methods with smaller values of
v, one has to increase s even more. For example, for s = 5 the best solution of
(4.2) has the sign structure + + — + + with y; = 75 (see Exercise 7). This leads to
(Suzuki 1990)

1 41/(p+1)

44/t BT T4+ #.3)

M =72=7 =7 =

The repetition of this algorithm for p = 2,4, 6, . . . leads to a fractal structure of the
step points (see Fig.4.3).
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Fig. 4.3. Suzuki’s “fractal” composition methods
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Fig. 1.2. Spherical pendulum problem solved with the symplectic Euler method (1.19)-
(1.20) and with the implicit Euler method; initial value qo = (sin(1.3),0,cos(1.3)),
po = (3cos(1.3),6.5, —3sin(1.3)), step size h = 0.01
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