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1. Introduction

The goal of the present paper is to estimate numerically integrals in in�nite dimension of the
form »

H
φdµ� � lim

tÑ8 E
�
φpXptqq�,

where the probability distribution µ� is de�ned on a separable Hilbert space H, φ : H Ñ R is a
function with su�cient regularity, and X � �

Xptq�
t¥0

is an ergodic H-valued Markov process with
unique invariant distribution µ�. Precisely, we consider stochastic evolution equations of the form

(1) dXptq � AXptqdt� F pXptqqdt� dW ptq,
where

�
W ptq�

t¥0
is a cylindrical Wiener process, and the nonlinear term F : H Ñ H is a Lipschitz

continuous function on H. We assume a gradient structure: one has

F pxq � �DV pxq, @ x P H,
for a given potential V : H Ñ R. The linear operator A is assumed to be self-adjoint, negative, and
to be such that Q � p�Aq�1 is a trace-class operator. The class of problems (1) encompasses in
particular parabolic semilinear stochastic partial di�erential equations (SPDEs),

(2)
Bxpt, zq
Bt � B2xpt, zq

Bz2 � f
�
xpt, zq�� 9W pt, zq, t ¡ 0, z P p0, 1q,

driven by space-time white noise, with homogeneous Dirichlet boundary conditions, and for a smooth
and Lipschitz nonlinearity f : R Ñ R. In this case, one has H � L2p0, 1q, and for all x P H, V pxq �
� ³1

0 Upxpzqqdz, where U 1 � f . In the absence of nonlinearity F � 0, the probability distribution µ�
coincides with the Gaussian distribution ν � N p0, 12Qq with mean zero and covariance operator 1

2Q.
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Under technical assumptions, the invariant distribution µ� is absolutely continuous with respect to
the Gaussian distribution ν with a Gibbs density,

(3) dµ�pxq � Z�1 exp
��2V pxq�dνpxq,

where Z � ³
H e�2V pxqdνpxq is the normalization constant. The aim of this paper is to design

numerical integrators for sampling the invariant distribution µ� with high order of convergence with
respect to the discretisation timestep in spite of the low regularity of the solution of the dynamics.
Consider an integrator given by a discrete-time Markov process

(4) Y ∆t
n�1 � ψ∆tpY ∆t

n q,
where ψ∆t : H Ñ H is a random mapping depending on the time-step size ∆t. Assuming ergodicity
of the Markov process Y ∆t

n with the invariant distribution µ∆t, where we recall that µ∆t � µ� in
general, we de�ne the error for the invariant distribution

ϵpφ,∆tq �
»
H
φdµ∆t �

»
H
φdµ�,

for su�ciently smooth test functions φ : H Ñ R. Note that a spatial discretization is also required
in practice, however we mostly focus on the temporal discretization error in this article. The
discretization is said to be of order q in time for the approximation of the invariant distribution,
if for any su�ciently smooth function φ : H Ñ R, there exists Cpφq P p0,8q such that for any
time-step size ∆t, one has

|ϵpφ,∆tq| ¤ Cpφq∆tq.
Recall that the discretization is said to be of weak order p if for any time T P p0,8q and any
su�ciently smooth function φ : H Ñ R, there exists CpT, φq P p0,8q such that for any time-step
size ∆t � T {N where N P N, one has��ErφpY ∆t

N qs � ErφpXpN∆tqqs�� ¤ CpT, φq∆tp.
Under mild assumptions, the order q for the invariant distribution is larger than the weak order p,
i.e. q ¥ p. Indeed, in the weak error estimates above, one is able to show that CpT, φq may be
chosen independent of T .
The main contribution of this article is to propose and analyse integrators of order q � 1 and

q � 2 for the approximation of the invariant distribution. This is a non-trivial result as for parabolic

semilinear SPDEs, the weak order for the linear implicit Euler scheme is p � 1
2

�
(which is consistent

with the 1
4

�
Hölder regularity of the trajectories). We refer for instance to [5, 9, 12, 13, 15, 29, 34,

35] for works on weak convergence of numerical schemes applied to semilinear parabolic SPDEs.
Concerning the numerical approximation of the invariant distributions of such SPDEs, preliminary
works are [8, 16], where uniform in time weak error estimates have been obtained, for temporal
and full discretization respectively. We also refer to more recent works [10, 28, 31, 49, 60, 67] for
similar results, in particular for equations with non-globally Lipschitz continuous nonlinearities. The
article [24] provides central limit theorems instead of weak error estimates. The recent work [11]
deals with the same type of Gibbs invariant distributions as in this manuscript, with the introduction
and analysis of a modi�ed Euler scheme which preserves regularity of trajectories.
Finally, the question of the numerical approximation of invariant distributions has been studied

for other types of SPDEs: Schrödinger equations [27, 45, 46], Maxwell equations [25, 26], damped
wave equations [53, 23], Burgers equations [7], Navier�Stokes equations [40, 69], Burgers�Huxley
equations [66, 68], Cahn�Hilliard equations [36].
To the best of our knowledge, no higher-order method with a rigorous analysis is known in

the literature for semi-linear SPDEs of the form (1). We mention the �rst attempt [17] on the
construction of higher-order methods for the approximation of the invariant distribution, where
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new schemes were designed. Numerical evidence suggested that one may achieve order q ¥ 1, and

in some cases, order q � 3
2

�
has been proved in the simpli�ed case of a linear function F .

The construction of the higher-order methods presented in this article is based on a precondition-
ing technique. Applying a suitable preconditioning operator P allows us to modify the dynamics (1)
without altering the invariant distribution (3). In general, one obtains the preconditioned dynamics,

dY Pptq � P
�
AY Pptq � F pY Pptqq

	
dt� P

1
2dW ptq.

In this paper, we shall focus on the choice P � p�Aq�1 � Q, which appears already in [30,
63, 42] in the context of Markov Chain Monte-Carlo (MCMC) methods or for the sampling of
conditioned di�usions using SPDE techniques [41, 43, 44]. There has recently been a growing
interest for preconditioning techniques for �nite dimensional stochastic systems, in the context of
high-dimensional Langevin dynamics in molecular dynamics [6, 47] and in particular for overdamped
Langevin dynamics, see [63, 64] and recently [21, 32, 57, 58, 59], where preconditioning permits
to enhance the convergence to equilibrium in the transient phase. Under mild assumptions, the
stochastic evolution equation

dY ptq � �Y ptqdt�QF pY ptqqdt�Q
1
2dW ptq

is also ergodic, with the same invariant distribution µ� as the original dynamics. Note that the
preservation of the invariant dynamics when preconditioning the dynamics crucially relies on the
gradient structure condition F � �DV . As will be clearly explained below, the preconditioning
technique permits to increase the temporal regularity of the trajectories, while the spatial regularity
is not modi�ed. Indeed, Y is solution to an in�nite dimensional stochastic evolution equation driven

by a trace-class noise, thus trajectories of Y are 1
2

�
Hölder continuous. This permits to bene�t from

standard techniques that have been extensively studied in recent years for �nite dimensional SDEs,
in particular for the design of high order schemes for the invariant distribution (non-Markovian
schemes [54], postprocessing [1, 65], modi�ed equations [2, 20, 52]), and for the design of variance
reduction techniques (Multilevel Monte-Carlo methods (MLMC) [38, 39], perturbations [3, 37, 56]).
While stochastic Runge-Kutta methods are a popular approach for the design of high-order weak

methods for SDEs [22], the use of postprocessing techniques [17, 65] yields cheap e�cient methods
with high-order speci�cally for the invariant distribution, i.e. they can be used to increase the
order q without modifying the weak order p. Given an integrator (4), a postprocessor is a random

mapping ψ
∆t

: H Ñ H, which de�nes a perturbation Y
∆t
n of the integrator output Y ∆t

n , such that

pY ∆t
n , Y

∆t
n q is a Markov chain and

Y
∆t
n � ψ

∆tpY ∆t
n q.

With a good choice of postprocessor, for �nite dimensional ergodic SDEs it is shown in [65] that

the order for the invariant distribution of Y
∆t
n can be higher than the one of Y ∆t

n . Moreover,
as the postprocessor correction is only applied at the last step of the method (hence the name
postprocessing), the accuracy is improved with negligible additional computational cost.
In this work, we propose in particular the following new postprocessed method where Y n yields

second order for the invariant distribution µ� of the original dynamics (1):

Yn�1 � Yn �∆tGpYn � 1

2
∆WQ

n q �∆WQ
n ,

Y n � Yn � 1

2
∆WQ

n ,

where Gpyq � �y � QF pyq. The above method is an extension of the second order Leimkuhler�
Matthews method [54, 55] for preconditioned stochastic partial di�erential equations. That method
has been �rst introduced in the �nite dimensional setting in the context of overdamped Langevin
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dynamics. It has originally been proposed as a non-Markovian method and has then been refor-
mulated as a postprocessed method in [65]. It was also recently extended for nonlinear di�usion
coe�cient in [18, 21]. Compared with the processed integrator introduced in [17], where no pre-
conditioning is employed, one is able to provide rigorous justi�cation for achieving the higher order
q � 2 for the approximation of the invariant distribution.
Let us present the main results of this article. Section 3 presents the application of the precon-

ditioning technique in the context of stochastic evolution equations. Proposition 3.1 shows that
the preconditioning does not modify the invariant distribution in the considered setting (see also
Lemma 3.3 for a more general version). In the error analysis, one employs solutions to auxiliary
Kolmogorov and Poisson equations, Proposition 3.5 provides some regularity properties of solutions
to Kolmogorov equations. In Section 4, we consider the standard explicit Euler scheme

Yn�1 � Yn �∆tGpYnq �∆WQ
n

applied to the preconditioned stochastic evolution equation, but the postprocessing technique has
not been applied yet. We show for that method that q � 1, see Theorem 4.5. In fact, weak
error estimates with order p � 1, which are uniform with respect to time T , are established,
and one obtains q � p � 1 letting T go to 8. Note that obtaining methods of order q � 1
is already an improvement compared with methods applied to the original dynamics, which only
have order 1

2�. Next, in Section 5, we show that the method proposed above, which combines the
preconditioning and the postprocessing techniques, achieves order q � 2, see Theorem 5.4. We �rst
exhibit order conditions for a more general class of methods, and then show that they are satis�ed
for the considered scheme. Finally, numerical experiments are presented in Section 6, in order to
illustrate the main results and compare di�erent methods.

2. Setting

We present in this section the standard tools for the numerical analysis of SPDEs and refer to the
monographs [33, 48, 50, 61] for further details. Let H be a separable, in�nite dimensional, Hilbert
space. The inner product and the norm are denoted by x�, �y and | � | respectively. The space of
bounded linear operators from H to H is denoted by LpHq, and the associated norm is denoted by
} � }LpHq. The following standard convention is used in this article. Let φ : H Ñ R be a function

of class C2. For all x P H, the �rst-order derivative Dφpxq and the second-order derivative D2φpxq
are interpreted as elements of H and of LpHq respectively, owing to the Riesz theorem.

De�nition 2.1. Let
�
ek
�
kPN be a complete orthonormal system of H and

�
qk
�
kPN be a sequence of

positive real numbers, such that
°8

k�1 qk   8. Set

Qx �
¸
kPN

qkxx, ekyek , x P H

�Ax �
¸
kPN

λkxx, ekyek , x P DpAq,

with λk � q�1
k for all k P N, and DpAq �  

x P H;
°8

k�1 λ
2
kxx, eky2   8(

. Finally, let ν � N p0, 12Qq
be the centered Gaussian distribution on H, with covariance operator 1

2Q.

Note that Q is a self-adjoint, nonnegative and trace-class (TrpQq � °8
k�1xQek, eky �

°8
k�1 qk  

8), thus ν is a well-de�ned Gaussian distribution on H. Recall that ν is the distribution of the H-

valued random variable
°

kPN
?
qk?
2
ξkek, where

�
ξk
�
kPN are independent standard real-valued Gaussian

random variables, ξk � N p0, 1q. Without loss of generality, assume that the sequence
�
qk
�
kPN

is non-increasing. The sequence
�
λk
�
kPN is then non-decreasing, and λk Ñ

kÑ8
8. Observe that

}Q}LpHq � q1 � λ�1
1 . For example, let H P L2p0, 1q and for all k P N, set ekp�q �

?
2 sin

�
kπ�q and
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λk � π2k2. Then, the operator A given in De�nition 2.1 is the Laplace operator with homogeneous
Dirichlet boundary conditions, as described in (2).
For α P p0, 1q, we de�ne the unbounded linear operator p�Aqα as follows:

p�Aqαx �
¸
kPN

xx, ekyλαk ek,

for all x P Dpp�Aqαq �  
x P H;

°
kPN λ

2α
k xx, eky2   8(

. These operators are helpful in quantifying
the spatial regularity of the stochastic processes de�ned below. Let

(5) αsup � sup
!
α; Tr

�p�Aq2αQ� � 8̧

k�1

q1�2α
k   8

)
.

We assume that αsup ¡ 0. In particular, αsup � 1{4 for the Laplace operator with homogeneous
Dirichlet boundary conditions. Note that αsup ¤ 1{2.
Let

�
βk
�
kPN be a sequence of independent standard real-valued Wiener processes, de�ned on a

probability space pΩ,F ,Pq which satis�es the usual conditions. For all t ¥ 0, set

W ptq �
¸
kPN

βkptqek,

WQptq �
¸
kPN

?
qkβkptqek.

On the one hand,
�
W ptq�

t¥0
is a cylindrical Wiener process and does not take values in H. On the

other hand,
�
WQptq�

t¥0
is a Q-Wiener process and takes values in H. It is straightforward to check

that ν is the unique invariant distribution of the H-valued Ornstein-Uhlenbeck processes XOU and
Y OU given by

XOUptq � etAXOUp0q �
» t

0
ept�sqAdW psq , Y OUptq � e�tY OUp0q �

» t

0
es�tdWQpsq,

where etAx � °
kPN e

�tλkxx, ekyek for all t ¥ 0. Note that the stochastic convolution is well-de�ned
with values in H:

E|
» t

0
ept�sqAdW psq|2 �

8̧

k�1

E|
» t

0
e�λkpt�sqdβkpsq|2 �

8̧

k�1

1� e�2λkt

2λk
  8.

The Ornstein-Uhlenbeck processesXOU and Y OU are solutions of the stochastic evolution equations,
driven by additive noise,

dXOUptq � AXOUptqdt� dW ptq , dY OUptq � �Y OUptqdt� dWQptq,
respectively.
The main question studied in this article is the estimation of

³
φdµ�, using numerical integrators

for associated ergodic dynamics, where the probability distribution µ� is given below.

De�nition 2.2. Let V : H Ñ R be a function of class C2 with bounded second order derivatives.
We de�ne

dµ�pxq � Z�1 exp
��2V pxq�dνpxq,

where ν � N p0, 12Qq, and Z � ³
H e�2V pxqdνpxq.

Observe that V is globally Lipschitz continuous, thus its growth is at most linear. By the Fernique
theorem, Z is �nite and thus µ� is well-de�ned. More generally, it has �nite moments of all orders,
precisely, for all κ P N, »

|x|κdµ�pxq   8.
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We then de�ne the nonlinear operators F,G : H Ñ H as follows:

F pxq � �DV pxq , Gpxq � �x�QF pxq.
To prove ergodicity and analyze the speed of convergence to equilibrium for the continuous

and discrete-time processes studied below, the following assumption gives a convenient su�cient
condition. We mention that this assumption could be weakened for the study of a nonglobally
Lipschitz nonlinearity F as studied in [14], but this is out of the scope of the present paper.

Assumption 1. Assume that

LippF q � sup
x1�x2PH

|F px2q � F px1q|
|x2 � x1|   q�1

1 � λ1 � min
kPN

λk.

For example, let f : R Ñ R be a bounded, Lipschitz continuous mapping and H � L2p0, 1q. The
Nemytskii operator F : H Ñ H is de�ned for all x P H by

(6) F pxqp�q � fpxp�qq.
Then F pxq � �DV pxq satis�es Assumption 1, where

V pxq �
» 1

0
Upxpzqqdz, U 1 � �f.

To conclude this section, let us introduce a �nite dimensional discretization in space, which shall
prove useful for the analysis given that a number of objects are not well-posed directly in the in�nite-
dimensional Hilbert space H. Let spectral Galerkin projection operators

�
πK

�
KPN be de�ned as

follows:

(7) πKx �
Ķ

k�1

xx, ekyek.

Let HK � spante1, . . . , eKu denote the range of πK , with dimHK � K. We de�ne the probability
distribution µK� on HK by

(8) dµK� pxq �
1

ZK
exp

��2V pxq�dνKpxq,
where νK � N p0, 12QKq, with QK � πKQπK � °K

k�1
x�,eky
λk

ek, and Z
K � ³

HK e
�2V pxqdνKpxq. Note

that νK is the push-forward measure of ν by πK . Observe that, for any smooth test function
φ : H Ñ R, one has»

HK

φ � πKdµK� �
³
HK φ � πKe�V dνK³

HK e�V dνK
�

³
H φ � πKe�V �πK

dν³
H e�V �πKdν

Ñ
KÑ8

»
H
φdµ�.

In addition, let V Kpxq � V pxq for all x P HK . Then, one has the identities �DV Kpxq �
�πKDV pπKxq � πKF pπKxq �: FKpxq for all x P HK . Note also that

sup
KPN

»
HK

|xK |dµK� pxKq   8,
»
H
|x|dµ�pxq   8.

3. Preconditioning of ergodic SPDEs

In this section, we introduce the preconditioned dynamics that will permit to derive high-order
methods in spite of the low-regularity of the original dynamics. A crucial ingredient in the analysis is
to consider dynamics projected on �nite dimensional spaces HK with �nite dimension K arbitrarily
large and to derive estimates with uniform constants w.r.t.K. In particular, in the remaining of
the paper, C denotes a generic constant independent of K.
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Let P be a bounded, self-adjoint, linear operator that commutes with A. This means that
Px � °

kPN pkxx, ekyek, and we assume that pk ¡ 0 for all k P N, and sup
kPN

pk   8. Let
�
Y Pptq�

t¥0

be de�ned as the solution of

(9) dY Pptq � P
�
AY Pptq � F pY Pptqq

	
dt� P

1
2dW ptq.

For K P N, we denote
�
Y P,K

�
t¥0

the solution of spectral Galerkin method of (9),

(10) dY P,Kptq � P
�
AY P,Kptq � FKpY P,Kptqq

	
dt� dWP,Kptq, WP,K � πKWP ,

where FK � πK � F � πK and Y P,Kp0q � πKY Pp0q. Observe that the projection operator πK

de�ned in (7) commutes with A and P. Note that choosing P � I, problem (9) then reduces to the
original problem (1) without any preconditioning. Its spectral Galerkin projection is

(11) dXKptq � AXKptqdt� FKpXKptqqdt� dWKptq, XKp0q � πKXp0q.

3.1. Preconditioning preserves the invariant distribution. A natural choice of precondition-
ning is P � Q � p�Aq�1 which yields the modi�ed problems

dY ptq � �� Y ptq �QF pY ptqq�dt� dWQptq,(12)

dY Kptq � �� Y Kptq �QFKpY Kptqq�dt� dWQ,Kptq, Y Kp0q � πKY p0q.(13)

Compared with (1), we observe that the stochastic evolution equation (12) is not a parabolic sto-
chastic PDE anymore as the unbounded di�usion operator A has been removed via preconditioning.
However, contrary to the cylindrical noise in (1), the stochastic evolution equation (12) is driven
by a trace-class noise, since TrpQq   8. Since G � �I � QF and GK � �I � QFK are Lips-
chitz continuous under Assumption 1, it is straightforward to check that, for any initial condition
y0 P H, both equations (12)-(13) admit a unique solution

�
Y ptq�

t¥0
, de�ned at all positive times,

with Y p0q � y0.

Proposition 3.1. Assume Assumption 1 and let Y , Y K be the solutions of the preconditioned sto-
chastic evolution equations (12)-(13). Then, µ� (respectively µK� ) is the unique invariant distribution
for (1) and (12) (respectively for (11) and (13)). Moreover, exponential mixing holds: there exists
C ¡ 0 such that for all T ¥ 0 and all globally Lipchitz φ : H Ñ R, one has��ErφpY pT qqs � »

φdµ�
�� ¤ CLippφqe�p1�

LippF q
λ1

qT p1� E|Y p0q|q,

sup
KPN

���ErφpY KpT qqs � ³
φdµK�

��� ¤ CLippφqe�p1�
LippF q

λ1
qT p1� E|Y p0q|q.

Remark 3.2. The convergence speed estimate of Proposition 3.1 is to be compared with the estimate
for the original problem (1), where, under Assumption 1, the solution X satis�es��ErφpXpT qq � »

φdµ�
�� ¤ CLippφqe�pλ1�LippF qqT p1� E|Xp0q|q.

Under Assumption 1, one has the following estimates: there exists C ¡ 0 such that

sup
t¥0

E|Y ptq| ¤ Cp1� E|Y p0q|q,(14)

sup
KPN,t¥0

E|Y Kptq| ¤ Cp1� E|Y p0q|q.(15)

Proposition 3.1 is then a straightforward corollary of Lemma 3.3 below.
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Lemma 3.3. Let Assumption 1 be satis�ed, µ� and µK� be given by De�nition 2.2 and equation (8),
and assume that λ1sup

kPN
pk ¤ inf

kPN
pλkpkq. Then, there exist C, γ ¡ 0 such that, for every globally

Lipschitz test function φ : H Ñ R and for all t ¥ 0,��ErφpY Pptqqs �
»
φdµ�

�� ¤ CLippφqe�γt
�
1� E|Y Pp0q|�,

sup
KPN

��ErφpY P,Kptqqs �
»
φdµK�

�� ¤ CLippφqe�γt
�
1� E|Y Pp0q|�,

and µ� (resp.µK� ) is the unique invariant distribution of (9) (resp. (10)).

Note that the condition in Lemma 3.3 is satis�ed for P � I and P � p�Aq�1. In the latter case,
λ1sup

kPN
pk � 1 � inf

kPN
pλkpkq.

Proof of Lemma 3.3. Let K P N and consider the spectral Galerkin method
�
Y P,K

�
t¥0

de�ned

in (10). First, note that µK� is the unique invariant distribution of (10) on HK . Indeed, let

Ỹ P,Kptq � P� 1
2Y P,Kptq (note that P is invertible on HK), and observe that this auxiliary process

solves the SDE (on HK)

dỸ P,Kptq � PAỸ P,Kptqdt� P
1
2FKpP 1

2 Ỹ P,Kptqqdt� dWKptq,
where WKptq � πKW ptq is a standard Wiener process in HK . Note that the drift coe�cient
satis�es, for all y P HK , the identity

PAy � P
1
2FKpP 1

2 yq � �1

2
D
�|p�Aq 1

2P
1
2 p�q|2�pyq �DṼ P,Kpyq

with Ṽ P,Kpyq � V pπKP
1
2 yq � V KpP 1

2 yq. It is a standard result that the unique invariant dis-

tribution of Ỹ P,K has density (with respect to Lebesgue measure on HK) which is proportional
to

exp
�
�|p�Aq 1

2P
1
2 y|2 � 2Ṽ P,Kpyq

	
.

Since Y P,Kptq � P
1
2 Ỹ P,Kptq, this identity and the expression of Ṽ P,K then imply that the prob-

ability distribution with density (with respect to Lebesgue measure on HK) which is proportional
to

exp
�
�|p�Aq 1

2 y|2 � 2V Kpyq
	

is the unique invariant distribution of (9). It is straightforward to check that this probability
distribution is µK� .
Second, let Y P,K

1 and Y P,K
2 be two solutions of (10), driven by the same noise, and starting

from two di�erent initial conditions yK1 and yK2 . Let δY Kptq � Y P,K
2 ptq � Y P,K

1 ptq, and δFKptq �
FKpY P,K

2 ptqq � FKpY P,K
1 ptqq. Then dRptq � PAδY Kptqdt� PδFKptq, and

1

2

d|δY Kptq|2
dt

� xPAδY Kptq, δY Kptqy � xPδFKptq, δY Kptqy
¤ � inf

1¤k¤K
λkpk|δY Kptq|2 � sup

1¤k¤K
pk|δFKptq||δY Kptq|

¤
�
�inf

kPN
λkpk � sup

kPN
pkLippF q

	
|δY Kptq|2.

Applying the Gronwall lemma yields

|δY Kptq| ¤ e�γpP,F qt|δY Kp0q|,
8



with γpP, F q � inf
kPN

λkpk � sup
kPN

pkLippF q ¡ 0, for all t ¥ 0, and all initial conditions yK1 and yK2 .

Since φ is globally Lipschitz continuous, for all yK P HK , one has��EyK rφpY P,Kptqqs �
»
φdµK�

�� � ��EyK rφpY Pptqqs � EµK rφpY Pptqqs��
¤ Lippφq

¼
HK�HK

E|δY Kptq|dµK� pyK2 qdδyK py1Kq

¤ Lippφqe�γpP,F qt
»
HK

| � �yK |dµK� .

Finally, taking to the limit K Ñ8 concludes the proof. □

In the sequel the preconditioning operator P is chosen as P � p�Aq�1 (unless speci�ed otherwise),
and thus the stochastic evolution equation (1) is considered. This choice is motivated by a practical
reason: in many situations, (a discrete version of) the operator A is known, and it is not required

to compute numerically its inverse P � p�Aq�1 and its square root P
1
2 . Instead, in the numerical

integrators presented below, computing the LU and Cholesky decompositions is su�cient. The
choice P � p�Aq�1 is also motivated by the following theoretical property, stated below: the
trajectories of the solution

�
Y ptq�

t¥0
are almost surely α-Hölder continuous for all α P p0, 12q.

This property follows from the application of the Kolmogorov-Centzov regularity criterion, and the
estimate �

E|Y ptq � Y psq|q� 1
q ¤ C|t� s| 12 , @s, t P r0, T s.

That estimate is established using the trace-class property of the noise (TrpQq   8). The compu-
tations are straightforward and are thus left for the readers.

Remark 3.4. On the one hand, this regularity is much better than for trajectories of the original
SPDE (1), which are only α

2 -Hölder continuous for such parameters α P p0, 12q. On the other hand,
this temporal regularity is the same as for solutions of �nite dimensional SDEs. As a consequence, it
is natural to expect that the order of convergence with respect to the time-step size is increased, and
that one can design higher order methods. Note that the spatial regularity of trajectories is unchanged
by the preconditioning procedure. This is consistent with the fact that

�
Xptq�

t¥0
and

�
Y ptq�

t¥0
have

the same invariant distribution µ�. Note also that applying the spectral Galerkin discretization to the
preconditioned equation (12) yields the same process as when applying the preconditioning technique
after the spectral Galerkin discretization of the original equation (12). As a consequence, applying
the preconditioning technique does not modify the error due to spatial discretization.

3.2. Kolmogorov and Poisson equations for the preconditioned dynamics. Let M ¡ 0,
β P r0, 2αsupq (de�ned in (5)), Hβ � Dpp�Aqβ{2q, and |x|β � |p�Aqβ{2x|, we say that F : H Ñ H

is in XM,β
P if for all K, FK : HK,β Ñ HK is M times di�erentiable and if there exists C ¡ 0, κ ¡ 0

independent of K such that for all 1   m ¤M ,

|DmFKpxqph1, . . . , hmq| ¤ Cp1� |x|κβq|h1|β . . . |hm|β, x, h1, . . . , hm P Hβ.

Similarly, we say that φ : H Ñ R is in CM,β
P if for all K, φK : HK,β Ñ R is M times di�erentiable

and if there exists C ¡ 0, κ ¡ 0 independent of K such that for all 1 ¤ m ¤M ,

|DmφKpxqph1, . . . , hmq| ¤ Cp1� |x|κβq|h1|β . . . |hm|β, x, h1, . . . , hm P Hβ.

For instance for the one-dimensional Laplacian, observe that the Nemytskii operator (6) for fpxq �
�x� cospxq satis�es F P XM,β

P for M arbitrarily large and some β P p0, 1{4q.
9



De�ne the auxiliary functions v and Ψ as follows, where for the sake of brevity, we omit the index
K of the spectral Galerkin projection in the notation: for all t ¥ 0 and y P HK ,

(16) vpt, yq � EyrφpY Kptqqs,
and

(17) Ψpyq �
» 8

0

�
vpt, yq �

»
φdµK�

�
dt.

Note that the function Ψ is well-de�ned owing to Proposition 3.1.
Introduce the in�nitesimal generator L associated with the preconditioned dynamics (12): if

φ : H Ñ R is twice di�erentiable,

Lφpyq � Dφpyq.GKpyq �
Ķ

k�1

qkD
2φpyq.pek, ekq.

On the one hand, v is the solution of the Kolmogorov equation

(18)
B
Btvpt, yq � Lvpt, yq � Dvpt, yq.GKpyq � 1

2

Ķ

k�1

qkD
2v.pek, ekq,

with initial condition vp0, �q � φ, where Dvpt, yq and D2vpt, yq denote spatial derivatives of v. On
the other hand, Ψ is the solution of the Poisson equation with x P HK ,

(19) �LΨpxq � φpxq �
»
φdµK� .

The �rst and second order spatial derivatives of v satisfy the estimates given by Proposition 3.5
below.

Proposition 3.5. Assume Assumption 1 with γ � 1 � LippF q
λ1

¡ 0. Consider F P XM,β
P , vpt, yq

de�ned in (16), and φ P CM,β
P . Then, there exists C ¡ 0, such that for all t ¥ 0 and all y P H,

h1, . . . , hm P Hβ, one has

(20) |Dmvpt, yqph1, . . . , hmq| ¤ Cp1� |y|κβqe�γt|h1|β . . . |hm|β.
Note that the estimates (20) justify that Ψ is of class C2 and Ψ is solution of the Poisson equa-

tion (19).

Proof. For the sake of clarity, we present the proof of (20) forM � 1, 2, 3. The estimates are proven
analogously for higher M .

Case M � 1: One has

Dvpt, yq.h � EyrDφpY Kptqq.ηhptqs
with

dηhptq
dt

� �ηhptq �QDFKpY Kptqq.ηhptq, ηhp0q � h.

By the assumption on φ:

|Dvpt, yq.h| ¤ CEr|p�Aqβηhptq|s.
Decompose

η̃hptq � ηhptq � e�th,

with
1

2

dη̃hptq
dt

� �η̃hptq �QDFKpY Kptqq.η̃hptq �QDFKpY Kptqq.e�th.

10



Using an energy estimate in the norm |p�Aq 1
2 � | � |Q� 1

2 � |, one obtains
1

2

d|p�Aq 1
2 ηhptq|2
dt

� �|p�Aq 1
2 η̃hptq|2 � xDFKpY Kptqq.η̃hptq, η̃hptqy

� xDFKpY Kptqq.e�th, η̃hptqy
¤ �|p�Aq 1

2 η̃hptq|2 � LippF q|η̃hptq|2 � ϵ|η̃hptq|2 � 1

4ϵ
e�2t|DFKpY Kptqq.h|2

¤ �pγ � ϵq|p�Aq 1
2 η̃hptq|2 � Cϵe

�2t|h|2,
where ϵ ¡ 0 can be chosen arbitrarily small.
Using the Gronwall inequality (observe that η̃hp0q � 0) one obtains

|p�Aq 1
2 η̃hptq|2 ¤ Cϵ

» t

0
e�2pγ�ϵqpt�sqe�2sds|h|2 ¤ Cϵe

�2pγ�ϵqt|h|2.

Using the upper bound β ¤ 1
2 , and recalling that ηhptq � e�th� η̃hptq, one obtains

|p�Aqβηhptq| ¤ e�t|p�Aqβh| � C|p�Aq 1
2 η̃hptq|

¤ e�t|p�Aqβh| � Ce�pγ�ϵqt|h|
¤ Ce�pγ�ϵqt|p�Aqβh|,

which is the same as above (up to γ being replaced by γ � ϵ). We then obtain

|Dvpt, yq.h| ¤ Ce�γt|p�Aqβh|.

Case M � 2: One has

D2vpt, yq.ph1, h2q � EyrDφpY Kptqq.ζh1,h2ptqs � EyrD2φpY Kptqq.pηh1ptq, ηh2ptqqs,
with ζh1,h2p0q � 0 and

dζh1,h2ptq
dt

� �ζh1,h2ptq �QDFKpY Kptqq.ζh1,h2ptq �QD2FKpY Kptqq.pηh1ptq, ηh2ptqq.
Using the assumption on φ and the upper bound obtained in the previous case M � 1:��ErD2φpY Kptqq.pηh1ptq, ηh2ptqqs�� ¤ Ce�2γt|p�Aqβh1||p�Aqβh2|.
To prove upper bounds for |p�Aqβζh1,h2ptq|, the second strategy described in the case M � 1 is
employed:

1

2

d|p�Aq 1
2 ζh1,h2ptq|2
dt

� �|p�Aq 1
2 ζh1,h2ptq|2 � xDFKpY Kptqq.ζh1,h2ptq, ζh1,h2ptqy

� xD2FKpY Kptqq.pηh1ptq, ηh2ptqq, ζh1,h2ptqy
¤ �γ|p�Aq 1

2 ζh1,h2ptq|2 � |D2FKpY Kptqq.pηh1ptq, ηh2ptqq||ζh1,h2ptq|
¤ �pγ � ϵq|p�Aq 1

2 ζh1,h2ptq|2 � Cϵ|p�Aqβηh1ptq||p�Aqβηh2ptq|
¤ �pγ � ϵq|p�Aq 1

2 ζh1,h2ptq|2 � Cϵe
�2γt|p�Aqβh1|2|p�Aqβh2|2.

Applying the Gronwall inequality gives for all t ¥ 0

|p�Aq 1
2 ζh1,h2ptq|2 ¤ Cϵe

�2pγ�ϵqt|p�Aqβh1|2|p�Aqβh2|2.
In addition, one has β ¤ 1

2 , therefore one obtains

|p�Aqβζh1,h2ptq| ¤ Cϵe
�pγ�ϵqt|p�Aqβh1||p�Aqβh2|.
11



Finally one obtains ��D2vpt, yq.ph1, h2q
�� ¤ Ce�γt|p�Aqβh1||p�Aqβh2|.

Case M � 3: One has

D3vpt, yq.ph1, h2, h3q � EyrDφpY Kptqq.ξh1,h2,h3ptqs
� EyrD2φpY Kptqq.pηh1ptq, ζh2,h3ptqqs
� EyrD2φpY Kptqq.pηh2ptq, ζh3,h1ptqqs
� EyrD2φpY Kptqq.pηh3ptq, ζh1,h2ptqqs
� EyrD3φpY Kptqq.pηh1ptq, ηh2ptq, ηh3ptqqs

with ξh1,h2,h3p0q � 0 and

dξh1,h2,h3ptq
dt

� �ξh1,h2,h3ptq �QDFKpY Kptqq.ξh1,h2,h3ptq
�QD2FKpY Kptqq.pηh1ptq, ζh2,h3ptqq
�QD2FKpY Kptqq.pηh2ptq, ζh3,h1ptqq
�QD2FKpY Kptqq.pηh3ptq, ζh1,h2ptqq
�QD3FKpY Kptqq.pηh1ptq, ηh2ptq, ηh3ptqq.

It is only necessary to deal with the term EyrDφpY Kptqq.ξh1,h2,h3ptqs, since all the other terms in

the expression of D3vpt, yq.ph1, h2, h3q are upper bounded by Ce�γt|p�Aqβh1||p�Aqβh2||p�Aqβh3|.
Using the same strategy as above, one obtains

1

2

d|p�Aq 1
2 ξh1,h2,h3ptq|2
dt

¤ �|p�Aq 1
2 ξh1,h2,h3ptq|2 � Ce�3γt|p�Aqβh1||p�Aqβh2||p�Aqβh3|,

and applying the Gronwall inequality gives for all t ¥ 0

|p�Aq 1
2 ξh1,h2,h3ptq|2 ¤ Cϵe

�2pγ�ϵqt|p�Aqβh1|2|p�Aqβh2|2|p�Aqβh3|2.
In addition, one has β ¤ 1

2 , therefore one obtains

|p�Aqβξh1,h2,h3ptq| ¤ Cϵe
�pγ�ϵqt|p�Aqβh1||p�Aqβh2||p�Aqβh3|.

Finally, we obtain the estimate��D3vpt, yq.ph1, h2, h3q
�� ¤ Ce�γt|p�Aqβh1||p�Aqβh2||p�Aqβh3|,

which concludes the proof. □

Corollary 3.6. Under the assumptions of Proposition 3.5 with β � 0, for all t2 ¥ t1 ¥ 0 and all
y, h P H, one has

(21) |Dvpt2, yq.h�Dvpt1, yq.h| ¤ Cp1� |y|q?t2 � t1e
�γ1t1 |h|.

Proof. It remains to prove (21). Let y, h P H and 0 ¤ t1 ¤ t2, then one has

Dvpt2, yq.h�Dvpt1, yq.h � Ey

��
DφpY Kpt2qq �DφpY Kpt1qq

�
.ηhpt2q

�
� Ey

�
DφpY Kpt1qq.

�
ηhpt2q � ηhpt1q

��
.
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On the one hand, since by assumption φ is twice di�erentiable, one has��Ey

��
DφpY Kpt2qq �DφpY Kpt1qq

�
.ηhpt2q

��� ¤ e�γt2 |h|Ey|Y Kpt2q � Y Kpt1q|
¤ ?

t2 � t1p1� sup
t¥0

Eyr|Y Kpsq|sqe�γt1 |h|.

The last inequality follows from the identity Y Kpt2q � Y Kpt1q �
³t2
t1
GKpY Kpsqqds � WQpt2q �

WQpt1q, from the equality E|WQpt2q �WQpt1q|2 � TrpQqpt2 � t1q, and the moment bounds (14)
combined with the global Lipschitz continuity of F .

On the other hand, using the identity ηhptq � e�th � ³t
0 e

s�tDFKpY Kpsqq.ηhpsqds, the global

Lipschitz continuity of F , and the Gronwall estimate |ηhptq| ¤ e�γt|h|, one obtains, for all 0 ¤ t1 ¤
t2,

Ey

�
DφpY Kpt1qq.

�
ηhpt2q � ηhpt1q

�� ¤ C|ηhpt2q � ηhpt1q|
¤ �

e�t1 � e�t2
�|h|

�
» t2

t1

es�t2
��QDFKpY Kpsqq.ηhpsq��ds

�
» t1

0

�
es�t1 � es�t2

���QDFKpY Kpsqq.ηhpsq��ds
¤ e�t1pt2 � t1q|h| � Cpt2 � t1qsup

s¥t1
|ηhpsq|

� Cpt2 � t1q
» t1

0
e�pt1�sqe�γs|h|ds

¤ Ce�γ1t1pt2 � t1q|h|.
Gathering the estimates then concludes the proof of (21). □

4. High order one methods for sampling the invariant distribution

In order to discretize the stochastic evolution equation (12), the simplest numerical method is
the explicit Euler scheme:

(22) Yn�1 � Yn �∆tGpYnq �∆WQ
n ,

where ∆WQ
n � WQptn�1q �WQptnq, tn � n∆t. More generally, we also consider the θ-method,

with θ P r0, 1s:

(23) Yn�1 � 1� p1� θq∆t
1� θ∆t

Yn � ∆t

1� θ∆t
QF pYnq � 1

1� θ∆t
∆WQ

n .

This includes the semilinear implicit Euler method for θ � 1, the Crank-Nicholson scheme for θ � 1
2 ,

and the explicit Euler method (22) for θ � 0.

4.1. Moment bounds and ergodicity. The ergodicity of the numerical scheme
�
Yn

�
n¥0

de�ned

by (22), for su�ciently small time step size ∆t, is ensured by Lemma 4.1 below.

Lemma 4.1. Let Assumption 1 be satis�ed. Let
�
Yn

�
n¥0

be given by (22). Then, there exists

C ¡ 0, such that

(24) sup
∆tPp0,1s

sup
n¥0

E|Yn|2 ¤ Cp1� E|Y0|2q.
13



Moreover, if ∆t P p0, 1s, then
�
Yn

�
n¥0

is an ergodic discrete-time Markov process, with unique

invariant distribution denoted by µ∆t. One has the estimate

sup
∆tPp0,1s

»
|y|2dµ∆tpyq ¤ C.

Finally, ifs γp∆tq � 1 � ∆tp1 � q1LippF qq P p0, 1q, then for any globally Lipschitz test function
φ : H Ñ R and all n P N, one has��ErφpYnqs �

»
φdµ∆t

�� ¤ Lippφqγp∆tqnp1� Er|Y0|sq.

Proof of Lemma 4.1. To prove the moment bounds (24), introduce the auxiliary processes given by

Zn�1 � p1�∆tqZn �∆WQ
n , Z0 � 0 , Rn � Yn � Zn.

First, one has

E|Zn�1|2 � |1�∆t|2E|Zn|2 �∆tTrpQq.
Thus

sup
n¥0

E|Zn|2 � ∆tTrpQq
8̧

m�0

|1�∆t|2m ¤ TrpQq.

Second, one has

Rn�1 � p1�∆tqRn �∆tQF pRn � Znq,
and the global Lipschitz continuity of F yields

|Rn�1| ¤ p|1�∆t| �∆tq1LippF qq|Rn| � C∆tp1� |Zn|q.
Using ∆t P p0, 1s, one has

γp∆tq � 1�∆tp1� q1LippF qq   1.

One thus obtains

�
E|Rn|2

� 1
2 ¤ γp∆tqn�E|R0|2

� 1
2 � C∆t

n�1̧

m�0

γp∆tqm sup
m¥0

�
E|Zm|2

� 1
2

¤ �
E|Y0|2

� 1
2 � C∆t

1

1� γp∆tq
¤ �

E|Y0|2
� 1

2 � C
1

1� q1LippF q .

Gathering the estimates concludes the proof of the moment bounds (24).
It remains to establish the ergodicity of the discrete-time Markov process

�
Yn

�
n¥0

. Let us �rst

check the uniqueness of invariant distributions. Let
�
Y 1
n

�
nPN0

and
�
Y 2
n

�
nPN0

be two solutions of (22),

driven by the same noise, and starting from two di�erent initial conditions y1 and y2. Let δYn �
Y 2
n � Y 1

n . Then, for all n ¥ 0,

|δYn�1| ¤ |1�∆t||δYn| �∆t
��QF pY 2

n q �QF pY 1
n q
��

¤ γp∆tq|δYn|.
Thus for all n ¥ 0,

|δYn| ¤ γp∆tqn|y2 � y1|,
with γp∆tq P p0, 1q. This yields uniqueness of the invariant distribution.
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The existence of an invariant distribution is obtained using the Krylov-Bogoliubov criterion.
Indeed, let α P p0, αsupq. Then Tr

�p�Aq2αQ�   8, moreover the set tx P H; |p�Aqαx| ¤Mu is
compact in H for all M ¡ 0. Assume that Y0 � 0. Then, for all n P N,

Yn � ∆t
n�1̧

m�0

p1�∆tqn�1�mQF pYmq �
n�1̧

m�0

p1�∆tqn�1�m∆WQ
m .

Since p�AqαQ is a bounded linear operator (α ¤ 1), using the Lipschitz continuity of F , the moment

bounds (24) and the equality E|p�Aqα∆WQ
m |2 � ∆tTr

�p�Aq2αQ�, one obtains
�
E|p�AqαYn|2

� 1
2 ¤ ∆t

n�1̧

m�0

p1�∆tqn�1�mCp1� �
E|Ym|2

� 1
2 q

�
�
Tr
�p�Aq2αQ�∆t n�1̧

m�0

p1�∆tq2pn�1�mq
	 1

2

¤ C � Tr
�p�Aq2αQ� 1

2 .

As a consequence, we deduce sup
nPN

E|p�AqαYn|2   8 if α P p0, αsupq. Applying the Krylov-

Bogoliubov criterion then concludes the proof of the existence of an invariant distribution µ∆t,
and Lemma 4.1 is proved. □

Remark 4.2. Lemma 4.1 remains valid for other integrators, such as the θ-method (23) or the
method (30), assuming the timestep ∆t small enough. Moreover, if θ ¥ 1

2 , then there is no such
timestep restriction to obtain moment bounds and ergodicity.

4.2. The Gaussian case. In this section, we detail the Gaussian case for the θ-method (23). We
have the following result.

Proposition 4.3. Assume that F � 0 and that ∆t   2
1�2θ if θ   1{2. Then �

Y ptq�
t¥0

and
�
Yn

�
n¥0

are Gaussian processes with invariant distributions ν, ν∆t,θ satisfying�� » φdν∆t,θ �
»
φdν

�� ¤ sup }D2φpyq}LpHq
1� σθp∆tq2

2
TrpQq,

where

σθp∆tq2 � 2

2� p2θ � 1q∆t .

In particular, for θ � 1
2 , the bias for the invariant distribution vanishes.

Proof. It is straightforward to check that the numerical invariant distribution µ∆t,θ � ν∆t,θ is a

centered Gaussian distribution, with covariance σθp∆tq2
2 Q. If θ � 1

2 , then σθp∆tq2 � 1, thus ν is the

invariant distribution of the discrete-time process
�
Yn

�
n¥0

.

Assume now that θ P r0, 1szt12u, then one has

σθp∆tq2 � 1�Op∆tq.
If φ : H Ñ R is of class C2, with bounded second order derivative, then

(25)
�� » φdν∆t,θ �

»
φdν

�� ¤ TrpQq
2

sup
yPH

}D2φpyq}LpHq
��σp∆tq2 � 1

�� � Op∆tq.

Indeed, assume without loss of generality that σθp∆tq2   1. Let Y ∆t,θ � N p0, σθp∆tq2
2 Qq � ν∆t,θ

and R∆t,θ � N p0, 1�σθp∆tq2
2 Qq be two independent Gaussian random variables. Then the sum
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Y ∆t,θ �R∆t,θ has distribution N p0, 12Qq � ν, which yields

�� » φdν∆t,θ �
»
φdν

�� � ��ErφpY ∆t,θqs � ErφpY ∆t,θ �R∆t,θqs��
� ��ErφpY ∆t,θqs � ErφpY ∆t,θ �R∆t,θqs � ErxDφpY ∆t,θq, R∆t,θys��
¤ sup }D2φpyq}LpHqEr|R∆t,θ|2s

� sup }D2φpyq}LpHq
1� σθp∆tq2

2
TrpQq.

The case σθp∆tq2 ¡ 1 is treated by a similar argument. □

Proposition 4.4. The Gaussian distributions ν and ν∆t,θ are singular, as soon as σθp∆tq2 � 1.
As a consequence, when ∆t Ñ 0, the convergence does not hold in total variation distance, more
precisely

(26) dTVpν∆t,θ, νq � 1

2
sup

φPBbpH,Rq,}φ}8¤1

�� » φdν∆t,θ �
»
φdν

�� � 1,

where BbpH,Rq denotes the space of bounded measurable functions from H to R.

Proof. Assume without loss of generality that σp∆tq2 ¡ 1. Let Y ∆t,θ � ν∆t,θ and Y � ν, then by
the Law of Large Numbers, almost surely

1?
K

Ķ

k�1

� |xY ∆t,θ, eky|2
qk

� 1
	

�
KÑ8

?
K
σθp∆tq2 � 1

2
Ñ

KÑ8
8,

whereas, by the Central Limit Theorem, one has the convergence in distribution

1?
K

Ķ

k�1

� |xY, eky|2
qk

� 1
	
ùñ
KÑ8

N p0, 1
2
q.

Consider the following family of bounded continuous functions:

φϵ,K � 2min
�
1, exp

�� ϵ?
K

Ķ

k�1

� |x�, eky|2
qk

� 1
��	� 1,

with arbitrary ϵ ¡ 0 and K P N. Then letting �rst K Ñ8, then ϵÑ 0, one has

sup
φPC0

b pH,Rq,}φ}8¤1

�� » φdν∆t,θ �
»
φdν

�� ¥ lim
ϵÑ0

lim
KÑ8

�� » φϵ,Kdν
∆t,θ �

»
φϵ,Kdν

�� � 2,

where C0
b pH,Rq denotes the space of bounded continuous functions from H to R. □

4.3. Error analysis of the bias for the invariant distribution. The objective of this section is
to show that the method (22) has order one of convergence for sampling the invariant distribution.
We rely on the following additional assumption, that is naturally satis�ed if F is of pβ, 2q-regularity.
Assumption 2. The mapping G : H Ñ H is twice Fréchet di�erentiable, with bounded �rst and
second order derivatives.

Assumption 2 is a strong assumption that simpli�es the convergence analysis, but does not include
for instance the case of the Nemytskii operator (6) for fpxq � �x � cospxq. In Section 5, we shall
consider instead alternate assumptions for higher order estimates for the invariant distribution.
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Theorem 4.5. Let Assumptions 1 and 2 be satis�ed, and consider the integrator given by (22).
Assume that φ : H Ñ R is twice Fréchet di�erentiable, such that

sup
yPH

|Dφpyq| � sup
yPH

}D2φpyq}LpHq ¤ 1.

Then, there exists C ¡ 0 such that for all ∆t P p0, 1s, one has

(27)
�� » φdµ∆t �

»
φdµ�

�� ¤ C∆t.

Theorem 4.5 is a generalization to the non-Gaussian case of the error estimate (25). The need to
consider su�ciently regular test functions φ has been justi�ed by the non-convergence result (26).
The main tool of the proof is the auxiliary function v de�ned by (16), which solves the Kolmogorov
equation (18). The regularity estimates stated in Proposition 3.5 play a crucial role.

Proof of Theorem 4.5. Let γ1 P p0, γq be �xed. To prove that (27) holds, it su�ces to establish the
following weak error estimate: there exists C ¡ 0 such that for all ∆t P p0,∆t0s and all N P N, one
has ��ErφpYN qs � ErφpY ptN qqs

�� ¤ C∆t,

with tN � N∆t. Passing to the limit N Ñ8 then yields (27).
The strategy employed to study the weak error of numerical schemes, both in �nite and in�nite

dimension is as follows. First the weak error is rewritten in terms of the solution v of the Kolmogorov
equation. Second a telescoping sum argument yields the following error expansion:

ErφpYN qs � ErφpY ptN qs � Ervp0, YN qs � ErvptN , Y0qs

�
N�1̧

n�0

E
�
vptN � tn�1, Yn�1q � vptN � tn, Ynq

�
.

In order to apply the Itô formula to estimate each term of the sum above, it is convenient to
introduce the following continuous-time auxiliary process: for all n P N0 and all t P rtn, tn�1s, set

Ỹ ptq � Yn � pt� tnqGpYnq �
�
WQptq �WQptnq

�
.

Observe that Ỹ ptnq � Yn for all n P N0, and that for t P rtn, tn�1s, one has
dỸ ptq � GpYnqdt� dWQptq.

Owing to the moment bounds (24) and using the Lipschitz continuity of F , the following moment

bounds for the auxiliary process Ỹ is obtained: if ∆t ¤ ∆t0, one has

(28) sup
t¥0

E|Ỹ ptq| ¤ Cp1� sup
n¥0

E|Yn|q ¤ Cp1� E|Y0|q.

For each n P N0, introduce the auxiliary in�nitesimal generator L̃∆t
n , such that

L̃∆t
n φpyq � xGpYnq, Dφpyqy � 1

2
Tr
�
QD2φpyq�.

Applying the Itô formula and the fact that v solves the Kolmogorov equation (18), for all n P
t0, . . . , N � 1u, one has

E
�
vptN � tn�1, Yn�1q � vptN � tn, Ynq

� � » tn�1

tn

E
��
L̃∆t
n � Bt

�
vptN � t, Ỹ ptqq�dt

�
» tn�1

tn

E
��
L̃∆t
n � L

�
vptN � t, Ỹ ptqq�dt

�
» tn�1

tn

E
�xGpYnq �GpỸ ptqq

1� θ∆t
,DvptN � t, Ỹ ptqqy�dt.

17



We introduce the following decomposition of the error:

ϵ1n �
» tn�1

tn

E
�xGpYnq �GpỸ ptqq, DvptN � tn, Ynqy

�
dt,

ϵ2n �
» tn�1

tn

E
�xGpYnq �GpỸ ptqq, DvptN � tn, Ỹ ptqq �DvptN � tn, Ynqy

�
dt,

ϵ3n �
» tn�1

tn

E
�xGpYnq �GpỸ ptqq, DvptN � t, Ỹ ptqq �DvptN � tn, Ỹ ptqqy

�
dt.

To deal with the �rst error term ϵ1n, introduce the auxiliary function Ψn � xGp�q, DvptN�tn, Ynqy.
Using a conditioning argument and applying the Itô formula, one obtains

E
�xGpYnq �GpỸ ptqq, DvptN � tn, Ynqy

�� Yn� � E
�
ΨnpYnq �ΨnpỸnptqq

�� Yn�
�

» t

tn

E
�
L̃∆t
n ΨnpỸ psqq

�� Yn�ds.
Owing to Assumption 2 and to Proposition 3.5, it is then straightforward to check that the �rst
and second order derivatives of Ψn satisfy

|DΨnpyq.h| ¤ Ce�γptN�tnq|h| , |D2Ψnpyq.ph, kq| ¤ Ce�γptN�tnq|h||k|.
As a consequence, using the moment bounds (28),

|ϵ1n| ¤ Cp1� E|Y0|q∆t2e�γptN�tnq.

To deal with the second error term ϵ2n, it su�ces to use Proposition 3.5 and the Lipschitz continuity
of F , to obtain

|ϵ2n| ¤ Ce�γ1ptN�tnq
» t

tn

E|Ỹ ptq � Yn|2dt ¤ Cp1� E|Y0|2q∆t2e�γ1ptN�tnq.

To get the last inequality above, observe that for all t P rtn, tn�1s,
(29) E|Ỹ ptq � Yn|2 � pt� tnq2E|GpYnq|2 � pt� tnqTrpQq ¤ Cp1� |y|2q∆t,
using the moment bounds (24).
To deal with the third error term ϵ3n, it su�ces to use the estimates (21) (see Proposition 3.5)

and (29): indeed, one obtains

|ϵ3n| ¤ C

» tn�1

tn

e�γ1ptN�tqpt� tnqp1� E|Y0|2qds,

using the moment bounds (24).
Gathering the estimates for ϵ1n, ϵ

2
n and ϵ3n then yields���ErφpYN qs � ErφpY ptN qs
��� ¤ N�1̧

n�0

���E�vptN � tn�1, Yn�1q � vptN � tn, Ynq
����

¤
N�1̧

n�0

�|ϵ1n| � |ϵ2n| � |ϵ3n|
�

¤ Cp1� E|Y0|2q∆t
» tN

0
e�γ1ptN�tqdt

¤ Cp1� E|Y0|2q∆t
» 8

0
e�γ1tdt.

This concludes the proof of Theorem 4.5. □
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5. High order convergence analysis

The aim of this section is to create, under stronger regularity assumptions, high order methods
for sampling µ�, given by (3). We consider one step integrators with postprocessors,

Y ∆t
n�1 � ψ∆tpY ∆t

n q, Y
∆t
n � ψ

∆tpY ∆t
n q.

We consider a vector �eld F P X4,β
P and test functions φ P C6,β

P . Recall that the dynamics
�
Y ptq�

t¥0

to be discretized is given by the preconditioned SPDE (12). This process is ergodic and mixing,
and its unique invariant distribution is µ�. Thus, we assume a similar property for the integrator.
We consider the following assumptions.

Assumption 3. For some ∆t0 ¡ 0, if ∆t P p0,∆t0s, the Markov process
�
Y ∆t
n

�
n¥0

is ergodic and

mixing. Its unique invariant distribution, denoted by µ∆t, satis�es

ErφpYnqs Ñ
nÑ8

»
φdµ∆t,

for all bounded and continuous test functions φ : H Ñ R, and any arbitrary initial condition y P H.

Assumption 4. The integrator has bounded moments of all order: for any κ P N, there exists
C ¡ 0 such that

sup
∆tPp0,∆t0s

sup
n¥0

Er|Y ∆t
n |κβs ¤ Cp1� |Y0|κβq.

Note that Assumption 4 provides moment bounds for the numerical invariant distribution µ∆t:

sup
∆tPp0,∆t0s

»
|y|κβdµ∆tpyq ¤ C.

In Section 5.1, we perform an analysis for a general scheme relying on Assumptions 3 and 4,
while in Section 5.2, we focus in particular on the following method (30) of second order for the
invariant distribution. It corresponds to the Leimkuhler-Matthews method [54, 55] applied to the
preprocessed dynamics (12) and reformulated as a postprocessed integrator [65],

(30)
Yn�1 � Yn �∆tGpYn � 1

2
∆WQ

n q �∆WQ
n ,

Y n � Yn � 1

2
∆WQ

n ,

and on its spectral discretisation

Y K
n�1 � Y K

n �∆tGKpY K
n � 1

2
∆WQ,K

n q �∆WQ,K
n ,

Y
K
n � Y K

n � 1

2
∆WQ,K

n .

Note that, under Assumption 1, the scheme (30) naturally satis�es Assumptions 3 and 4, which is
shown by using the same techniques as in the proof of the moment bounds (24) from Lemma 4.1
(see also [62, Lemma 2.2]).

5.1. Convergence analysis for high order methods. The objective of this section is to exhibit
order conditions to have methods of order 2.
First, Lemma 5.1 is an alternative approach compared to Section 4 to check that a method is of

order 1.
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Lemma 5.1. Under Assumptions 3 and 4, assume that, for any φ P C4,β
P , one has the Taylor-type

expansion

E
�
φ
�
ψ∆tpyq��� φpyq � ∆tLφpyq �∆t2R1pφ, y,∆tq,

for all ∆t assumed small enough, with sup
∆tPp0,∆t0s

|R1pφ, y,∆tq| ¤ Cp1 � |y|κβq for some p P N and

C ¡ 0. Then, for ∆tÑ 0 and φ P C4,β
P ,

(31)

»
φdµ∆t �

»
φdµ� � Op∆tq.

Proof of Lemma 5.1. Since µ∆t is the invariant distribution of the Markov chain
�
Y ∆t
n

�
n¥0

, one has

the following equality: for all ∆t P p0,∆t0s,

(32)

» �
E
�
φ
�
ψ∆tpyq��� φpyq

	
dµ∆tpyq � 0.

Then, one obtains

0 �
»
Lφpyqdµ∆tpyq �∆t

»
R1pφ, y,∆tqdµ∆tpyq.

Choosing φ � Ψ then yields»
φdµ∆t �

»
φdµ� � ∆t

»
R1pφ, y,∆tqdµ∆tpyq � Op∆tq,

owing to the moment bounds for the numerical invariant distribution µ∆t. □

Using the same approach then yields the following result.

Proposition 5.2. Under Assumptions 3 and 4, assume that, for any φ P C6,β
P , one has the expansion

E
�
φ
�
ψ∆tpyq��� φpyq � ∆tLφpyq �∆t2A1φpyq �∆t3R2pφ, y,∆tq,

for all ∆t assumed small enough, where A1φ P C2,β
P and the following estimate is satis�ed for some

p P N and C ¡ 0,

sup
∆tPp0,∆t0s

�|A1φpyq| � |R2pφ, y,∆tq|
� ¤ Cp1� |y|κβq,

where p P N and C ¡ 0. Then, if φ P C6,β
P , one has for ∆tÑ 0,

(33)

»
φdµ∆t �

»
φdµ� � ∆t

»
A1Ψpyqdµ�pyq �Op∆t2q,

where Ψ is given by the Poisson equation (19). Moreover, assume further that for any φ P C6,β
P , one

has the error expansion

E
�
φ
�
ψ
∆tpyq��� φpyq � ∆tA1φpyq �∆t2R2pφ, y,∆tq,

with A1φ P C4,β
P , A11 � 0, and the estimate for some p P N and C ¡ 0,

sup
∆tPp0,∆t0s

�|A1φpyq| � |R2pφ, y,∆tq|
� ¤ Cp1� |y|κβq.

Then, if φ P C6,β
P , one has

(34)

»
φdµ∆t �

»
φdµ� � ∆t

» �
A1 � rL,A1s

�
Ψpyqdµ�pyq �Op∆t2q,

where rL,A1s � LA1 �A1L denotes the commutator of the operators L and A1.
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Proof of Proposition 5.2. The proof of (33) follows the same steps as the proof of (31): using the
identity (32) with φ � Ψ, one obtains»

φdµ∆t �
»
φdµ� � ∆t

»
A1Ψdµ

∆t �Op∆t2q

� ∆t

»
A1Ψdµ� �Op∆t2q

using (31) for the function A1Ψ P C4,β
P in the last step. To prove (34), observe that»

φdµ∆t �
»
φdµ∆t �

» �
E
�
φ
�
ψ
∆tpyq��� φpyq

	
dµ∆tpyq

� ∆t

»
A1φdµ

∆t �Op∆t2q

� ∆t

»
A1φdµ� �Op∆t2q,

using (31) for the function A1φ P C4,β
P in the last step. Combined with (33), this yields»

φdµ∆t �
»
φdµ� � ∆t

» �
A1Ψ�A1φ

�
dµ� �Op∆t2q

� ∆t

» �
A1 �A1L

�
Ψdµ� �Op∆t2q

� ∆t

» �
A1 � rL,A1s

�
Ψpyqdµ�pyq �Op∆t2q,

using φ � �LΨ � ³
φdµ�, the assumption that A11 � 0, and, in the last step, the property³

Lφdµ� � 0. □

As an immediate consequence of Proposition 5.2, one may state algebraic conditions for order 2
as follows.

Corollary 5.3. Under the Assumptions of Proposition 5.2 and if
³
A1φdµ� � 0 for all φ P C6,β

P ,

then, for all φ P C6,β
P , one has »

φdµ∆t �
»
φdµ� � Op∆t2q.

Alternatively, assume that
³�
A1�rL,A1s

�
φdµ� � 0 for all φ P C6,β

P . Then, for all φ P C6,β
P , one has»

φdµ∆t �
»
φdµ� � Op∆t2q.

5.2. Construction of second order methods. The main result of this section is the following
convergence theorem of order two for the new method (30).

Theorem 5.4. Let the integrator with postprocessing be given by (30). Under Assumption 1 and

assuming F P X4,β
P , for all φ P C6,β

P and all ∆t small enough, the following second order estimate
for sampling the invariant measure of (1) holds,»

φdµ∆t �
»
φdµ� � Op∆t2q.

Moreover, in the Gaussian case F � 0, the method is exact: µ∆t � ν.
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The proof of Theorem 5.4 relies on Corollary 5.3 and the lemmas below on the weak Taylor
expansion of method and its postprocessor (30), in the spirit of the analysis of [4, Sect. 8] and [65,
Sect. 7] in the �nite dimensional context. A key ingredient is to perform the calculations for the
�nite-dimensional dynamics in HK , and then take the limit K Ñ8.

Remark 5.5. The analysis could be extended for the creation of methods of any high order for the
invariant distribution in the spirit of [4] in the �nite dimensional context. As the calculations become
tedious, we mention that the algebraic formalism of exotic Butcher series [19, 20, 51, 52] could be
extended to the present context and used for simplifying the calculations of the Taylor expansions.

Lemma 5.6. Under the assumptions of Theorem 5.4 and for all φ P C6,β
P , the local weak expansion

of the integrator (30) is

EpφpY K
n�1q|Y K

n � xq � φpxq �∆tLφpxq �∆t2A1φpxq �∆t3R2pφ, x,∆tq
with

A1φ � 1

2
D2φ.pGK , GKq � 1

2

¸
i�1

qiD
3φ.pei, ei, GKq � 1

8

¸
i,j�1

qiqjD
4φ.pei, ei, ej , ejq

� 1

8
Dφ.

¸
i�1

qiD
2GK .pei, eiq � 1

2

¸
i�1

qiD
2φ.pDGK .ei, eiq,

where
�
ek
�
kPN is the complete orthonormal system of H considered in De�nition 2.1 and the re-

mainder satis�es the bound
E|R2pφ, x,∆tq| ¤ Cp1� |x|κβq.

Proof. Following the lines of [65, Sect. 7] (where the qi coe�cients were not considered), we perform
a Taylor expansion of φpYn�1q around Yn up to order 6 and a Taylor expansion of GpYn�1q up to
order 4, which yields the desired expansion with the remainder:

R2pφ, x,∆tq � E
» 1

0

p1� θq3
3!

Dφpxq.D4GKpx� θ

2
∆WQ

N q.p
1
2∆W

Q
N?

∆t
q4dθ

� E
» 1

0

p1� θq5
5!

D6φpx� θ∆Y K
n q.p∆Y

K
n?
∆t

q6dθ,
where

∆Y K
n � Y K

n�1 � Y K
n � ∆tGKpY K

n � 1

2
∆WQ

n q �∆WQ
n .

We �rst observe using (5) and G � �x�QF pxq:
E|∆WQ

n |κβ � E|p�Aqβ{2Q1{2∆Wn|κ ¤ C∆tκ{2, |Gpxq|β ¤ Cp1� |x|κβq.
Thus, the increment satis�es

E|∆Y
K
n?
∆t

| ¤ Cp1� |x|κβq.

The bound on the remainder is a consequence of the regularity assumptions φ P C6,β
P and F P

X4,β
P . □

Lemma 5.7. Under the assumptions of Theorem 5.4 and for all φ P C6,β
P , the local weak expansion

of the postprocessor integrator (30) is

EpφpY K
n q|Y K

n � xq � φpxq �∆tA1φpxq �∆t2R1pφ, x,∆tq,
where

A1φ � 1

8

¸
i�1

qiD
2φ.pei, eiq,
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and the remainder satis�es the bound

Er|R1pφ, x,∆tq|s ¤ Cp1� |x|κβq.
Proof. The remainder is given by

R1pφ, x,∆tq � E
» 1

0

p1� θq3
3!

D4φpx� θ∆WQ
n q.p

∆WQ
n?

∆t
q4dθ.

and the proof concludes analogously to that of Lemma 5.6. □

Lemma 5.8. The operators A1 and A1 from Lemma 5.6 and 5.7 satisfy the second order condition
of Proposition 5.2: @

A1φ� rL,A1sφ
D � 0.

Proof. Considering the notations xφyµ� �
³
H φpxqdµ�pxq, GK

j � @
GK , ej

D
, Bjφ � φ1ej , and using

repeatedly the integration by parts formula,

xBjφ1 φ2yµ� �
A
�φ1Bjφ2 � 2φ1φ2q

�1
j GK

j

E
µ�

a calculation yieldsC ¸
i,j�1

qiqjD
4φ.pei, ei, ej , ejq

G
µ�

�
C
�2

¸
i�1

qiD
3φ.pei, ei, GKq

G
µ�

,

C¸
i�1

qiD
3φ.pei, ei, GKq

G
µ�

�
C
�
¸
i�1

qiD
2φ.pDGK .ei, eiq � 2D2φ.pGK , GKq

G
µ�

.

We deduce

xA1φy �
C

1

8

¸
i�1

qiDφ.pD2GK .pei, eiqq � 1

4

¸
i�1

qiD
2φ.pDGK .ei, eiq

G

Using the calculation for the commutator operator,

rL,A1sφ � �1

8

¸
i�1

qiDφ.pD2GK .pei, eiqq � 1

4

¸
i�1

qiD
2φ.pDGK .ei, eiq,

this concludes the proof. □

Proof of Theorem 5.4. It remains to check the statement that in the Gaussian case F � 0, one �nds
µ∆t � ν for all ∆t. First, if

�
Yn

�
n¥0

is given by (30), then

Yn�1 � p1�∆tqYn � p1� ∆t

2
q∆WQ

n .

Thus, if ∆t   1, the numerical invariant distributions are Gaussian: µ∆t � N p0, σp∆tq2
2 Qq, with

σp∆tq2 � 2∆tp1� ∆t
2 q2

1� p1�∆tq2 � 1� ∆t

2
,

and µ∆t � N p0, σp∆tq2�∆t
2

2 Qq � N p0, 12Qq � ν. □

Remark 5.9. We emphasize that alternatively to method (30), one can simply consider weak order
2 integrators applied to the preconditioned dynamics (12), for instance, the Runge-Kutta 2 (RK2)
method with two evaluations of G per timestep,

(35)
Ŷn � Yn �∆tGpYnq �∆WQ

n ,

Yn�1 � Yn � ∆t

2

�
GpYnq �GpŶnq

��∆WQ
n .
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Figure 1. Error for sampling the invariant distribution of the preconditioned SPDE
(12) in the spatial domain r0, 1s with A � ∆ and F pxq � 0 using the explicit and
implicit Euler methods EE and IE ((23) with θ � 0 and θ � 1), their postprocessed
counterparts the Leimkuhler-Matthews method LM (30) and pIE (36), the RK2
method (35) and the Crank-Nicholson scheme CN (23) with θ � 1

2 , with the test

function φpxq � expp� }x}2L2q and M � 108 trajectories.

Note, however, that, in contrast to method (30), method (35) is not exact for the invariant distribu-
tion in the Gaussian case F � 0. Alternatively, one can also consider the postprocessed integrator
from [17] based on the semilinear implicit Euler method

(36)

Yn�1 � 1

1�∆t
Yn � ∆t

1�∆t
QF

�
Yn � 1

2p1�∆tq∆W
Q
n

�� 1

1�∆t
∆WQ

n ,

Y n � Yn � 1

2p1� ∆t
2 q

1
2

∆WQ
n .

An advantage of method (36), with only one evaluation of F per timestep, is that it has no timestep
restriction for stability and it is exact for the invariant distribution in the Gaussian case F � 0.

6. Numerical experiments

Let us now illustrate numerically the theoretical results. We give error curves for the new methods
of the article for the preconditioned SDPE (12) to con�rm the theoretical orders of convergence.
Then, we observe the e�ect of di�erent preconditioning on the order of convergence and introduce
an alternative preconditioner based on Chebyshev polynomials.
We �rst consider the postprocessed explicit and implicit Euler methods (30)-(36) for solving the

preconditioned SPDE (12) in the spatial domain r0, 1s with A � ∆. We apply a standard �nite
di�erence approximation of the Laplacian with the stepsize ∆x � 0.02, the �nal time T � 10 which
is su�cient to reach equilibrium, and di�erent timesteps ∆t to observe the rates of convergence. We
consider M � 108 trajectories (using 450 CPUs) and plot an estimate of the error for the invariant
distribution by using the standard mean estimator:

J∆t � 1

M

M̧

m�1

φpY pmq
N q � ErφpYN qs,
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Figure 2. Error for sampling the invariant distribution of the preconditioned SPDE
(12) in the spatial domain r0, 1s with A � ∆ and F pxq � �x � cospxq using the
explicit and implicit Euler methods EE and IE ((23) with θ � 0 and θ � 1), their
postprocessed counterparts the Leimkuhler-Matthews method LM (30) and pIE (36),
the RK2 method (35) and the Crank-Nicholson scheme CN (23) with θ � 1

2 , with

the test function φpxq � expp� }x}2L2q and M � 108 trajectories.

where Y
pmq
N is the m-th realisation of the integrator at time T and we consider the test function

φpxq � expp� }x}2L2q. We compare this approximation with a reference value for
³
H φdµ� given

by the approximation J2�9 with the Leimkuhler-Matthews method (30). We emphasize that the
approach could be combined with variance reduction techniques, such as Multi-Level Monte-Carlo
methods, though this is out of the scope of the present paper.
We observe in Figure 1 the Gaussian case where F � 0. The integrators EE, IE, and RK2 have

the expected order of convergence for the invariant distribution. Moreover, the other integrators
have no bias for the invariant distribution and we observe only the Monte-Carlo error. We repeat
the same experiment, this time with the Lipschitz nonlinearity F pxq � �x�cospxq. We observe the
predicted order for the invariant distribution of the methods in Figure 2, which illustrates Theorem
5.4. It is remarkable that the Leimkuhler-Matthews scheme with preprocessing (30) yields the best
accuracy among the tested methods.
Let us now observe the behaviour of a given scheme for approximating the preconditioned dy-

namics (9) with P � p�Aq�α for di�erent α P r0, 1s and the nonlinearity F pxq � �x� cospxq. We
apply the following time-discretisation with the same �nite di�erence approximation as previously:

(37) Yn�1 � pI �∆tPAq�1pYn �∆tPF pYnq �∆WP
n q.

The reference values are given by the integrator (37) with ∆t � 2�8 and α � 1. We observe on
Figure 3 that the preconditioner improves the order of convergence from 1{2 to 1 as α goes from 0 to
1, to emphasise the advantage of the preconditioner enhancing the convergence rate, here illustrated
with the method (37).
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Figure 3. Error of the integrator (37) for sampling the invariant distribution of
the preconditioned SPDE (9) in the spatial domain r0, 1s with A � ∆, F pxq �
�x�cospxq, P � p�Aq�α for di�erent α, the test function φpxq � expp� }x}2L2q and
M � 107 trajectories.

projects No 200020_214819 and No. 200020_192129. The computations were performed at the
University of Geneva on the Baobab cluster using the Julia programming language.
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