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Abstract

The design of numerical integrators for solving stochastic dynamics with high weak order
relies on tedious calculations and is subject to a high number of order conditions. The original
approaches from the literature consider strong approximations and adapt them for the weak
approximation by replacing the iterated stochastic integrals by appropriate random variables.
The methods obtained this way are sub-optimal in their number of function evaluations and
the analysis of order conditions is unnecessarily complicated. We provide in this paper a
novel approach, relying on well-chosen sets of random Runge-Kutta coefficients, that greatly
reduce the number of order conditions. The approach is successfully applied to the creation
of a collection of new stochastic Runge-Kutta methods of second weak order with an optimal
number of function evaluations and a smaller number of random variables. The efficiency of
the new methods is confirmed with numerical experiments and a modern algebraic approach
using Hopf algebras is provided for the derivation and the study of the order conditions.
Keywords: stochastic differential equations, stochastic Runge-Kutta methods, order condi-
tions, Butcher series, exotic forests, exotic series, decorated forests, Hopf algebra.
AMS subject classification (2020): 60H35, 65L06, 41A58, 16T05.

1 Introduction
We present new approaches for the high order numerical integration in the weak sense of general
Itô stochastic differential equations of the form

dXptq � f0pXptqqdt�
m̧

p�1
fppXptqqdW pptq, Xp0q � X0, (1.1)

and SDEs with Stratonovich noise

dXptq � f0pXptqqdt�
m̧

p�1
fppXptqq � dW pptq, Xp0q � X0, (1.2)
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where the fp are smooth Lipschitz vector fields and the W p are standard independent Brownian
motions defined on a probability space fulfilling the standard assumptions.

The first approaches for the numerical approximation with high weak order of (1.1) and
(1.2) were derived from strong methods, that are, pathwise approximations. This resulted
in unnecessarily complicated methods and tedious order conditions and analysis. The first
stochastic Runge-Kutta methods of second weak order had a number of function evaluations
in the order of m2 (see [70, 43, 80, 46, 29]), where one could theoretically expect the optimal
number of 2m � 2 function evaluations (at least in the Itô case). The methods were simplified
using a B-series approach in [74, 75] to obtain a number of function evaluations that is affine
in m. The methods were further simplified in [79] in the Itô case, without reaching the optimal
number of function evaluations. In the present paper, we focus on deriving weak approximations
without relying on any intermediate strong approximation, and we provide new methods with
the optimal number of function evaluations for general Itô and Stratonovich SDEs (1.1)-(1.2).
We consider the following general class of stochastic Runge-Kutta methods, in the spirit of the
methods introduced in [73]:

Hp
i � Xn � h

ş

j�1
Zp,0

i,j f
0pH0

j q �
?
h

ş

j�1

m̧

q�1
Zp,q

i,j f
qpHq

j q, i � 1, . . . , s,

Xn�1 � Xn � h
ş

i�1
z0

i f
0pH0

i q �
?
h

ş

i�1

m̧

p�1
zp

i f
ppHp

i q, (1.3)

with the Runge-Kutta coefficients zp P Rs and Zp,q P Rs,s being random variables and the
dependency in n of the Hp

i being omitted for simplicity. We follow the standard approach for
the design of high weak order methods with the Milstein methodology [63], which uses local
estimates. Under standard bounded moments properties, one typically obtains global weak
order (see, for instance, the textbooks [43, 64, 65] and references therein). The focus in this
paper is on the design of new high-order methods for the weak error, with the minimal number of
function evaluations, and on the development of the algebraic foundations underlying stochastic
numerics of general SDEs.

The calculation of order conditions is tedious and requires the use of Butcher series tech-
niques. In the last decades, several works extended the standard Butcher-series [18, 36] (see
also the textbooks [35, 19, 20] and the review [62]) to the stochastic context. Burrage and Bur-
rage [13, 14] and Komori, Mitsui and Sugiura [48] introduced stochastic B-series in the context
of strong convergence. The analysis was later extended to stochastic Runge-Kutta methods by
Rößler [71, 72, 73, 76, 77], Komori [45, 46, 47] and Debrabant and Kværnø [26, 25, 27, 28, 4] for
the creation of high order weak and strong integrators. We take inspiration from the previous
tree formalisms and use decorated forests, where we enforce the forests to be independent of the
dimension of the problem and the number of noises, so that one order condition corresponds
to one forest only. The decorated forests formalism allows to represent the Taylor expansion of
the numerical methods and we shall see that a smaller formalism of exotic forests is sufficient to
write the Taylor expansion of the exact flow. In the context of additive noise, the formalism of
exotic series was introduced by Bronasco, Laurent, and Vilmart in [55, 51, 9] for the creation of
integrators for solving stochastic dynamics with high order in the weak sense and for the invari-
ant measure (see also, for instance, [8, 57, 1, 2, 58]). This formalism, combined with the aromatic
B-series [22, 41, 6, 53, 52] and the LB-series [40], was extended in [56, 11] for the extrinsic and
intrinsic numerical integration of SDEs on manifolds, and analogous algebraic formalisms are
now used in a variety of different fields [3, 31, 7]. The fundamental geometric and algebraic
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properties of the exotic formalism of trees were later studied in [10, 54] (see also [21, 61, 66, 5]
in the deterministic setting). The exotic and decorated series formalism conveniently unifies
the previous forests formalisms for the study of Euclidean SDEs with multiplicative noise and
proves to be a crucial tool for simplifying the tedious calculation. We adapt the expansions of
the exact and numerical flows in exotic and decorated series, uncover the combinatorial links
between the two types of expansions, and use a modern combinatorial approach to study the
order conditions and the algebraic properties of the Taylor expansions of flows.

The article is organised as follows. We derive in Section 2 the general order conditions of
stochastic Runge-Kutta methods and present a new set of random Runge-Kutta coefficients that
reduces considerably the number of order conditions. A collection of new methods with optimal
number of stages and function evaluations is presented in Section 3. We propose numerical
illustrations to confirm our theoretical findings in Section 4. The calculation of order conditions
and their algebraic study with exotic and decorated forests is then detailed in Section 5. We
discuss outlooks and future works in Section 6.

2 Reduced order conditions for stochastic Runge-Kutta meth-
ods

In order to construct methods whose coefficients have to fulfill comparatively few order conditions
for weak order two, we will first derive general order conditions and then consider a well chosen
ansatz for the coefficients that splits the role of the Runge-Kutta coefficients and the random
variables. This will then allow us to obtain a collection of new stochastic Runge-Kutta integrators
with minimal number of function evaluations.

2.1 General order conditions for weak order two

Let C8P pRdq be the space of smooth functions ϕ that satisfy polynomial estimates of the form

|ϕpkqpxq| ¤ Cp1� |x|Kq, k � 0, 1, . . . .

Similarly, let XP pRdq be the space of globally Lipschitz vector fields whose components lie in
C8P pRdq. In all that follows, we assume for simplicity that fp P XP pRdq and we use the following
notation for the i-th component of the partial derivatives of fp:

fp,i
j1...jk

pxq :� Bfp,i

Bxj1 . . . Bxjk

pxq.

As our approach focuses on the high order analysis of numerical integrators, we use smooth
maps for simplicity and refer to [65] for weaker assumptions.

A one-step numerical integrator Xn�1 � ψhpXnq for solving (1.1)/(1.2) is of local weak order
p if for h ¤ h0 small enough and all ϕ P C8P pRdq, the following estimate is satisfied

|ErϕpXphqq|Xp0q � xs � ErϕpX1q|X0 � xs| ¤ Cp1� |x|Kqhp�1.

For a test function ϕ P C8P pRdq, a weak approximation focuses on approaching upx, tq �
ErϕpXptqq|Xp0q � xs. A classical tool for the study of equations (1.1)/(1.2) is the backward
Kolmogorov equation (see, for instance, [37, 65, 33, 1, 49, 50, 51]). It states that upx, tq solves
the following deterministic parabolic PDE in Rd,

Bu
Bt � Lu, upx, 0q � ϕpxq, x P Rd, t ¡ 0, (2.1)
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where the generator L is given for the Itô SDE (1.1) by

LItôϕ �
ḑ

i�1
ϕif

0,i � 1
2

ḑ

i,j�1

m̧

p�1
ϕijpfp,i, fp,jq,

and for the Stratonovich SDE (1.2) by

LStratoϕ �
ḑ

i�1
ϕif

0,i � 1
2

ḑ

i,j�1

m̧

p�1
ϕijpfp,i, fp,jq � 1

2

ḑ

i,j�1

m̧

p�1
ϕif

p,i
j fp,j .

Using (2.1), the weak quantity upx, hq thus has the following expansion for all p:

upx, hq � ϕpxq � hLϕpxq � � � � � hp

p! Lpϕpxq � hp�1Rpϕpxq, |Rpϕpxq| ¤ Cp1� |x|Kq. (2.2)

Let us now consider the Taylor expansion of ErϕpX1q|X0 � xs. We assume the following
natural assumption on the Runge-Kutta coefficients, which ensures that the method (1.3) has
bounded moments of all order and that non-integer powers in their Taylor expansion vanish.

Assumption 2.1. For any bijection σ : t0, . . . ,mu Ñ t0, . . . ,mu with σp0q � 0, the coefficients
of the numerical method (1.3) satisfy for α, β P N, pl1 , ql2 , rl2 P t0, 1, . . . ,mu and il1 , jl2 , kl2 P
t1, . . . , su for l1 P t1, . . . , αu, l2 P t1, . . . , βu

Erzσpp1q
i1

. . . z
σppαq
iα

Z
σpq1q,σpr1q
j1,k1

. . . Z
σpqβq,σprβq
jβ ,kβ

s � Erzp1
i1
. . . zpα

iα
Zq1,r1

j1,k1
. . . Z

qβ ,rβ

jβ ,kβ
s   8,

and the following moments vanish:

Erzp1
i1
. . . zpα

iα
Zq1,r1

j1,k1
. . . Z

qβ ,rβ

jβ ,kβ
s � 0 if |tpi � 0u| � |tri � 0u| is odd.

Under Assumption 2.1, the stochastic Runge-Kutta methods satisfy a similar expansion to
(2.2) [63]:

ErϕpX1q|X0 � xs � ϕpxq � hA1ϕpxq � � � � � hpApϕpxq � hp�1Rpϕpxq, (2.3)

where the remainder satisfies |Rpϕpxq| ¤ Cp1 � |x|Kq and the Ai are linear differential opera-
tors with coefficients depending smoothly on the fp and their partial derivatives (that is, the
coefficients are polynomials in the coordinates of the infinite jet space over the fp [44, 66]). If
the expansions (2.2) and (2.3) match up to order p, we obtain a method of (at least) local weak
order p. Sufficient conditions for global weak order p are given by the following result.

Proposition 2.2 ([63, 65]). Consider a one-step integrator that has a Taylor expansion (2.3)
that satisfies

Aj � Lj

j! , j � 1, . . . , p. (2.4)

Assume further that the integrator has bounded moments of any order,

sup
n¥0

Er|Xn|2ks   8.

Then, the method has global weak order p, that is, for T ¡ 0, for all h ¤ h0 small enough with
Nh � T , for all test functions ϕ P C8P pRdq and initial conditions X0, there exists C ¡ 0 such
that

|ErϕpXN qs � ErϕpXpT qqs| ¤ Chp.
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The derivation of order conditions is straightforward thanks to Proposition 2.2. However, it
relies on the explicit knowledge of the operators Aj and Lj . As the calculations get tedious, we
use algebraic objects to derive the explicit combinatorics.

Theorem 2.3. Consider a stochastic Runge-Kutta method of the form (1.3) with coefficients
that satisfy Assumption 2.1. Assume further that the exotic and Isserlis order conditions given
in Tables 1 and 2 are satisfied for p1, p2 P t1, . . . ,mu, that is, for each forest, the Runge-Kutta
coefficient is equal to the Itô (respectively Stratonovich) coefficient. Then, the method is of global
weak order two for solving (1.1) (respectively (1.2)).

Ex. forest Differential RK coefficient pp1 � p2q Itô Str.
ϕif

0,i Erz0
i s 1 1

1 1 ϕijf
p1,ifp1,j Erzp1

i z
p1
j s 1 1

1
1

ϕif
p1,i
i1

fp1,i1 Erzp1
i Z

p1,p1
i,i1

s 0 1
2

ϕif
0,i
i1
f0,i1 Erz0

i Z
0,0
i,i1
s 1

2
1
2

ϕijf
0,if0,j Erz0

i z
0
j s 1 1

1
1

ϕif
0,i
i1
fp1,i1

i2
fp1,i2 Erz0

i Z
0,p1
i,i1

Zp1,p1
i1,i2

s 0 1
4

1

1

ϕif
p1,i
i1

f0,i1
i2

fp1,i2 Erzp1
i Z

p1,0
i,i1

Z0,p1
i1,i2

s 0 0

1
1

ϕif
p1,i
i1

fp1,i1
i2

f0,i2 Erzp1
i Z

p1,p1
i,i1

Zp1,0
i1,i2

s 0 1
4

1 1
ϕif

0,i
i1i2

fp1,i1fp1,i2 Erz0
i Z

0,p1
i,i1

Z0,p1
i,i2

s 1
2

1
2

1
1

ϕif
p1,i
i1i2

f0,i1fp1,i2 Erzp1
i Z

p1,0
i,i1

Zp1,p1
i,i2

s 0 1
4

1
1 ϕijf

0,i
i1
fp1,i1fp1,j Erz0

i Z
0,p1
i,i1

zp1
j s 1

2
1
2

1 1 ϕijf
p1,i
i1

f0,i1fp1,j Erzp1
i Z

p1,0
i,i1

zp1
j s 1

2
1
2

1
1

ϕijf
p1,i
i1

fp1,i1f0,j Erzp1
i Z

p1,p1
i,i1

z0
j s 0 1

2

1 1 ϕijkf
0,ifp1,jfp1,k Erz0

i z
p1
j z

p1
k s 1 1

1
1
2
2

ϕif
p1,i
i1

fp1,i1
i2

fp2,i2
i3

fp2,i3 Erzp1
i Z

p1,p1
i,i1

Zp1,p2
i1,i2

Zp2,p2
i2,i3

s 0 1
8

1
2
1
2

ϕif
p1,i
i1

fp2,i1
i2

fp1,i2
i3

fp2,i3 Erzp1
i Z

p1,p2
i,i1

Zp2,p1
i1,i2

Zp1,p2
i2,i3

s 0 0

1
2
2
1

ϕif
p1,i
i1

fp2,i1
i2

fp2,i2
i3

fp1,i3 Erzp1
i Z

p1,p2
i,i1

Zp2,p2
i1,i2

Zp2,p1
i2,i3

s 0 0

1
1

2 2

ϕif
p1,i
i1

fp1,i1
i2i3

fp2,i2fp2,i3 Erzp1
i Z

p1,p1
i,i1

Zp1,p2
i1,i2

Zp1,p2
i1,i3

s 0 1
4

1
2

1 2

ϕif
p1,i
i1

fp2,i1
i2i3

fp1,i2fp2,i3 Erzp1
i Z

p1,p2
i,i1

Zp2,p1
i1,i2

Zp2,p2
i1,i3

s 0 0

1
1 2

2

ϕif
p1,i
i1i2

fp1,i1fp2,i2
i3

fp2,i3 Erzp1
i Z

p1,p1
i,i1

Zp1,p2
i,i2

Zp2,p2
i2,i3

s 0 1
8

1
2 1

2

ϕif
p1,i
i1i2

fp2,i1fp1,i2
i3

fp2,i3 Erzp1
i Z

p1,p2
i,i1

Zp1,p1
i,i2

Zp1,p2
i2,i3

s 0 1
4
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1
2 2

1

ϕif
p1,i
i1i2

fp2,i1fp2,i2
i3

fp1,i3 Erzp1
i Z

p1,p2
i,i1

Zp1,p2
i,i2

Zp2,p1
i2,i3

s 0 0

1
1 2 2

ϕif
p1,i
i1i2i3

fp1,i1fp2,i2fp2,i3 Erzp1
i Z

p1,p1
i,i1

Zp1,p2
i,i2

Zp1,p2
i,i3

s 0 1
4

1
2
2

1 ϕijf
p1,i
i1

fp2,i1
i2

fp2,i2fp1,j Erzp1
i Z

p1,p2
i,i1

Zp2,p2
i1,i2

zp1
j s 0 1

4

2
1
2

1 ϕijf
p2,i
i1

fp1,i1
i2

fp2,i2fp1,j Erzp2
i Z

p2,p1
i,i1

Zp1,p2
i1,i2

zp1
j s 0 0

2
2
1

1 ϕijf
p2,i
i1

fp2,i1
i2

fp1,i2fp1,j Erzp2
i Z

p2,p2
i,i1

Zp2,p1
i1,i2

zp1
j s 0 1

4

1
2 2

1 ϕijf
p1,i
i1i2

fp2,i1fp2,i2fp1,j Erzp1
i Z

p1,p2
i,i1

Zp1,p2
i,i2

zp1
j s 1

2
1
2

2
1 2

1 ϕijf
p2,i
i1i2

fp1,i1fp2,i2fp1,j Erzp2
i Z

p2,p1
i,i1

Zp2,p2
i,i2

zp1
j s 0 1

4

1
1

2
2

ϕijf
p1,i
i1

fp1,i1fp2,j
j1

fp2,j1 Erzp1
i Z

p1,p1
i,i1

zp2
j Z

p2,p2
j,j1

s 0 1
4

1
2

1
2

ϕijf
p1,i
i1

fp2,i1fp1,j
j1

fp2,j1 Erzp1
i Z

p1,p2
i,i1

zp1
j Z

p1,p2
j,j1

s 1
2

1
2

1
2

2
1

ϕijf
p1,i
i1

fp2,i1fp2,j
j1

fp1,j1 Erzp1
i Z

p1,p2
i,i1

zp2
j Z

p2,p1
j,j1

s 0 0

1
1

2 2 ϕijkf
p1,i
i1

fp1,i1fp2,jfp2,k Erzp1
i Z

p1,p1
i,i1

zp2
j z

p2
k s 0 1

2

1
2

1 2 ϕijkf
p1,i
i1

fp2,i1fp1,jfp2,k Erzp1
i Z

p1,p2
i,i1

zp1
j z

p2
k s 1

2
1
2

1 1 2 2 ϕijklf
p1,ifp1,jfp2,kfp2,l Erzp1

i z
p1
j z

p2
k z

p2
l s 1 1

Table 1: Exotic order conditions of stochastic Runge-Kutta method of the form (1.3) up to weak order 2.
The order conditions do not depend on the dimension of the problem and on the number of noise terms.
The sums on all involved indices except p1, p2 are omitted for conciseness.

Dec. forest Differential RK coefficient Itô Str.

1
1
1
1

ϕif
p1,i
i1

fp1,i1
i2

fp1,i2
i3

fp1,i3 Erzp1
i Z

p1,p1
i,i1

Zp1,p1
i1,i2

Zp1,p1
i2,i3

s 0 1
8

1
1

1 1

ϕif
p1,i
i1

fp1,i1
i2i3

fp1,i2fp1,i3 Erzp1
i Z

p1,p1
i,i1

Zp1,p1
i1,i2

Zp1,p1
i1,i3

s 0 1
4

1
1 1

1

ϕif
p1,i
i1i2

fp1,i1fp1,i2
i3

fp1,i3 Erzp1
i Z

p1,p1
i,i1

Zp1,p1
i,i2

Zp1,p1
i2,i3

s 0 3
8

1
1 1 1

ϕif
p1,i
i1i2i3

fp1,i1fp1,i2fp1,i3 Erzp1
i Z

p1,p1
i,i1

Zp1,p1
i,i2

Zp1,p1
i,i3

s 0 3
4

1
1
1

1 ϕijf
p1,i
i1

fp1,i1
i2

fp1,i2fp1,j Erzp1
i Z

p1,p1
i,i1

Zp1,p1
i1,i2

zp1
j s 0 1

2

1
1 1

1 ϕijf
p1,i
i1i2

fp1,i1fp1,i2fp1,j Erzp1
i Z

p1,p1
i,i1

Zp1,p1
i,i2

zp1
j s 1

2 1

1
1

1
1

ϕijf
p1,i
i1

fp1,i1fp1,j
j1

fp1,j1 Erzp1
i Z

p1,p1
i,i1

zp1
j Z

p1,p1
j,j1

s 1
2

3
4

1
1

1 1 ϕijkf
p1,i
i1

fp1,i1fp1,jfp1,k Erzp1
i Z

p1,p1
i,i1

zp1
j z

p1
k s 1 3

2

1 1 1 1 ϕijklf
p1,ifp1,jfp1,kfp1,l Erzp1

i z
p1
j z

p1
k z

p1
l s 3 3

Table 2: Isserlis order conditions of stochastic Runge-Kutta method of the form (1.3) for weak order 2.
The order conditions do not depend on the dimension of the problem and on the number of noise terms.
The sums on all involved indices except p1 are omitted for conciseness.

The weak order conditions are traditionally derived by use of Butcher series as explained in
[72, 73, 26]. The order conditions presented in Tables 1 and 2 are based on the more recent
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formalism of exotic forests [55]. This formalism reduces the complexity in the sense that all
redundant order conditions are removed, and terms for which the pair of colors (representing the
different Brownian motions) appears several times are given as separate forests. Thus each forest
represents exactly one unique order condition. Note that the invariance in law of the moments
of the Runge-Kutta coefficients when applying permutations, as prescribed in Assumption 2.1,
is key to the representation of flows with tree structures. We emphasize that the algebraic and
combinatorial details underlying the computation of the order conditions can be skipped by
the reader interested only in the creation of numerical methods of high weak order. The proof
of Theorem 2.3 and the study of the algebraic structures underlying stochastic numerics are
postponed to Section 5.

Remark 2.4. The previous stochastic B-series formalisms [72] typically rely on forests of the
form i

j
k l , where i, j, k, l range from 1 to m. The random variable corresponding to this

forest will satisfy

1
h2Er

» h

0
W j � dW i

» h

0
dW k

» h

0
dW ls �

$''''''&
''''''%

Itô{Strat.
0 { 1

2 if i � j, k � l and i �� l,
1
2 { 1

2 if i � l, j � k and i �� k,

1 { 3
2 if i � j � k � l,

0 { 0 otherwise.

Thus, the m4 forests of the form i
j

k l generate three non-trivial order conditions under As-
sumption 2.1. Using the exotic forests formalism, these will appear as three different decorated
forests, given by

πd1 � 1
1

2 2 , πd2 � 1
2

1 2 , πd3 � 1
1

1 1 .

The weak order condition corresponding to πd1 is then

Er
¸

i,j,k,l

zp1
i Z

p1,p1
i,j zp2

k z
p2
l s �

#
0 Itô
1
2 Stratonovich

The other two conditions can be found in Tables 1 and 2.

We say that order conditions of the form
°

Er. . . s � 0 are potentially superfluous as they can
potentially be satisfied automatically with a particular choice of random coefficients. Note that
there is a relatively high number of these order conditions in the Itô case. In the next section,
we propose a carefully chosen ansatz for the Runge-Kutta coefficients so that most potentially
superfluous order conditions are satisfied automatically.

2.2 Reduced order conditions for Itô SDEs

We consider coefficients of the form

z0 � αθ0, zp � βθp,

Z0,0 � A0Θ0,0, Z0,q � B0Θ0,q,

Zp,0 � A1Θp,0, Zp,q � B1Θp,q.

(2.5)

where α P Rs1 , β P Rs2 , A0 P Rs1,s1 , A1 P Rs2,s1 , B0 P Rs1,s2 , B1 P Rs2,s2 and ps1, s2q is
the number of stages for the deterministic and stochastic parts of the method. This choice of
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coefficients fits in the class of methods (1.3) by choosing s � maxps1, s2q and filling the missing
entries of the Runge-Kutta coefficients by zeros. The standard methodology mimicking strong
expansions and using weak approximations of iterated stochastic integrals is tedious and yields
unnecessarily complicated methods. We simplify this approach by instead choosing random
variables such that most potentially superfluous order conditions are satisfied automatically.
Let ηp, p � 0, . . . ,m, and θp, p � 1, . . . ,m, be discrete independent random variables satisfying

Ppηp � �1q � 1
2 , Ppθp � �

b
2�

?
3q � 3�?

3
12 , Ppθp � �

b
2�

?
3q � 3�?

3
12 .

Define for c P p0, 1
2q

θ0 � 1, Θ0,p � θp � ηp

b
1
2c � 1, Θp,q � θqp1� η0q, q ¡ p ¥ 1,

Θ0,0 � 1, Θp,0 � 1� ηpθp

b
2c

1�2c , Θp,q � θqp1� η0q, 1 ¤ q   p,
Θp,p � �3θp � θ3

p.

(2.6)

These random variables do, for c not too close to t0, 1
2u, not impact stability more than us-

ing Gaussians or iterated stochastic integrals as their moments are of similar (if not smaller)
amplitude.

Using the ansatz (2.5) and the random variables (2.6) in Theorem 2.3, Assumption 2.1 is
automatically satisfied and we obtain the following result, where most potentially superfluous
order conditions vanish, leaving us with 9 reduced order conditions for weak order two. By
choosing carefully the random variables, we got rid of most of the 59 order conditions of [30]
and improved further on the 15 order conditions of [79].

Theorem 2.5. The reduced order conditions for weak order one for solving the Itô SDE (1.1)
by method (1.3) with method coefficients (2.5), random variables (2.6) and c P p0, 1

2q are:

1. αJ1 � 1, 2. βJ1 � 1,

and the additional conditions for weak order two are:

3. αJA01 � 1
2 ,

4. αJB01 � 1
2 ,

5. αJpB01qd2 � c,

6. βJA11 � 1
2 ,

7. βJB11 � 1
2 ,

8. βJpB11qd2 � 1
4 ,

9. βJB1B11 � 0,

where we use the Hadamard product on vectors in Rs:

y1 d . . .d yn �
� n¹

k�1
yk

i



i�1,...,s

.

It is also possible to choose c � 1
2 when adapting (2.6) by Θ0,p � θp, Θp,0 � 1, in which case

also the following additional order condition needs to be fulfilled for weak order two:

10. βJA1B01 � 0.

8



Note that condition 9 and, in case c � 1
2 , also condition 10, in Theorem (2.5), are still derived

from potentially superfluous conditions. Note also that for c   1
2 , we always can choose A0 � B0

and A1 � B1, and that the parameters α, A0 and B0 on the one hand and β, A1 and B1 are
independent of each other. A natural choice for c is c � 1

4 , which ensures that conditions 1
and 3 to 5 and conditions 2 and 6 to 8 are congruent and we thus can choose B0 � B1 and
α � β. Another natural choice would be c � 1

3 , which allows for a method with A0 � B0

already fulfilling one of the deterministic order three conditions. Choosing c � 1
2 on the other

hand reduces the number of random variables needed per step from 2m� 1 to m� 1.

Remark 2.6. The coefficients (2.5) do not allow for weak order three methods, as the following
second and third order conditions are contradictive:

1 1 pβJ1q2Erθ2
ps � 1 ñ βJ1 � 0 and Erθ2

ps � 0,

1 1
1
1

pβJ1qpβJB1B11qErθ2
pΘ2

pps � 0 ñ βJ1 � 0 or βJB1B11 � 0
or Erθ2

pΘ2
pps � 0,

1
1

1
1 pβJB11q2Erθ2

pΘ2
pps �

1
2 ñ βJB11 � 0 and Erθ2

pΘ2
pps � 0,

1
1
1

1
1
1

pβJB1B11q2Erθ2
pΘ4

pps �
1
6 ñ βJB1B11 � 0 and Erθ2

pΘ4
pps � 0.

Hence a more general ansatz for third order Runge-Kutta coefficients is needed.

2.3 Reduced order conditions for Stratonovich SDEs

There are fewer potentially superfluous order conditions in the Stratonovich case, which prevents
us from removing most of the conditions with a certain choice of random variables. We still
present a substantial reduction of order conditions compared to the literature. We consider
coefficients of the form

z0 � αθ0, zp � βθp,

Z0,0 � A0Θ0,0, Z0,q � B0Θ0,q,

Zp,0 � A1Θp,0, Zp,q � B1Θp,q1p�q � B̂1Θp,p1p�q.

(2.7)

Let ηp, p � 0, . . . ,m, and θp, p � 1, . . . ,m, be discrete independent random variables satisfying

Ppηp � �1q � 1
2 , Ppθp � �

?
3q � 1

6 , Ppθp � 0q � 2
3 .

Define

θ0 � 1, Θ0,p � θp � ηp

b
1
2c � 1, Θp,q � θqp1� η0q, q ¡ p ¥ 1,

Θ0,0 � 1, Θp,0 � 1� ηpθp

b
2c

1�2c , Θp,q � θqp1� η0q, 1 ¤ q   p.

Θp,p � θp,

(2.8)

Using the ansatz (2.7) and the random variables (2.8) in Theorem 2.3, Assumption 2.1 is auto-
matically satisfied and we obtain the following 26 reduced order conditions. These conditions
improve significantly on the 55 order conditions in [74].

Theorem 2.7. The reduced order conditions for weak order one for solving the Stratonovich
SDE (1.2) by method (1.3) with method coefficients (2.7), random variables (2.8) and c P p0, 1

2q
are:
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1. αJ1 � 1, 2. βJ1 � 1, 3. βJB̂11 � 1
2 ,

and the additional conditions for weak order two are:

4. αJA01 � 1
2 ,

5. αJB01 � 1
2 ,

6. αJpB01qd2 � c,

7. αJB0B̂11 � 1
4 ,

8. βJA11 � 1
2 ,

9. βJpB̂11dA11q � 1
4 ,

10. βJB̂1A11 � 1
4 ,

11. βJB11 � 1
2 ,

12. βJpB11qd2 � 1
4 ,

13. βJB̂1B1B̂11 � 1
8 ,

14. βJpB̂11dB1B̂11q � 1
8 ,

15. βJpB̂11d pB11qd2q � 1
8 ,

16. βJpB11d B̂1B11q � 1
8 ,

17. βJB̂1pB11qd2 � 1
8 ,

18. βJpB11d B̂11q � 1
4 ,

19. βJB̂1B11 � 1
4 ,

20. βJB1B̂11 � 1
4 ,

21. βJpB̂11d B̂1B̂11q � 1
8 ,

22. βJB̂1pB̂11qd2 � 1
12 ,

23. βJB̂1B̂1B̂11 � 1
24 ,

24. βJpB̂11qd3 � 1
4 ,

25. βJpB̂11qd2 � 1
3 ,

26. βJB̂1B̂11 � 1
6 .

It is also possible to choose c � 1
2 when adapting (2.8) by Θ0,p � θp, Θp,0 � 1, in which case

also the following additional order condition needs to be fulfilled for weak order two:

27. βJA1B01 � 0.

Analogously to the Itô case, one can reduce the number of stochastic variables needed per
step from 2m� 1 to m� 1 by adding condition 27.

3 New second order stochastic Runge-Kutta methods
We use the reduced order conditions of Section 2 to propose a handful of new stochastic meth-
ods with the minimal number of function evaluations for solving (1.1)-(1.2) with second weak
order. We focus on explicit methods and methods with high deterministic order. Further IMEX
methods are presented in Appendix A.

3.1 Optimal stochastic Runge-Kutta methods

Thanks to the reduced order conditions, we propose a variety of new simple stochastic Runge-
Kutta methods of weak order two. We emphasize that, similarly to the deterministic setting,
an explicit method needs at least two evaluations of f0 and two evaluations of each fp per step.
The Butcher tableaux are written in the following ways for Itô and Stratonovich.

Itô:
A0 B0

A1 B1

αJ βJ
, Stratonovich:

A0 B0

A1 B1 B̂1

αJ βJ

10



Itô explicit A p2, 2q-stages method is the following mix of the Heun and explicit midpoint
methods.

Xn�1 � Xn � h
2f

0pXnq � h
2f

0
�
Xn � hf0pXnq

�?h°m
q�1 θqf

qpXnq
	

�?h°m
p�1 θpf

p
�
Xn � h

2f
0pXnq �

?
h

2
°m

q�1 Θp,qf
qpXnq

	
0 0 0 0
1 0 1 0
0 0 0 0
1
2 0 1

2 0
1
2

1
2 0 1

This method, in the following denoted by BDK1, is an improvement of the methods presented
both in [30] and [79], as it uses only m � 1 random variables per step and attains order 2 for
solving (1.1) (with c � 1

2 in Theorem 2.5), with the optimal number of stages.

Itô implicit When constructing an p1, 2q-stages method of order 2 for solving (1.1), we observe
that condition 1 in Theorem 2.5 implies that α � 1, which together with conditions 4 and 5
implies that we must choose c � 1

4 in this case. A possible method is then the following:

H0
1 � Xn � h

2f
0pH0

1 q �
?

h
2
°m

q�1 Θ0,qf
qpHq

1q
Hp

1 � Xn �
?
h
°m

q�1 Θp,qf
qpHq

1q
Hp

2 � Xn � h
2 Θp,0f0pH0

1 q �
?
h
°m

q�1 Θp,q

�
f qpHq

2q � 1
2f

qpHq
1q
	

Xn�1 � Xn � hf0pH0
1 q �

?
h
°m

p�1 θpf
ppHp

2 q

1
2

1
2 0

0 1 0
1
2 �1

2 1
1 0 1

An order 2 method with one stage for the stochastic part is impossible in general as the order

conditions of Theorem 2.3 for the forests 1
1
1

1 and 1
1 1

1 cannot be satisfied simultaneously. If the
noise is additive, it is however straightforwardly achieved [25, 55].

Stratonovich explicit We propose the following p2, 4q-stages explicit method with c � 1
2 of

weak order two for solving (1.2), which is a mild improvement on the methods in [74] as it uses
fewer stages in the deterministic part, and only m � 1 random variables per step instead of
2m� 1.

0 0 0 0 0 0
1 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0
1
2 0 1

2 0 0 0 1
2 0 0 0

1
2 0 �1 3

2 0 0 �1
2

1
2 0 0

1
2 0 �1 3

2 0 0 �3
2

3
2 1 0

1
2

1
2 0 2

3
1
6

1
6

The number of stochastic stages is minimal thanks to the condition for 1
1
1
1

in Theorem 2.3.

Stratonovich implicit Analogously to the Itô case, it follows by conditions 1, 5 and 6 in
Theorem 2.7 that a p1, 2q-stage method for solving (1.2) with weak order two requires c � 1

4 .
An example for such a method is given below. Observe that both A0 and B1 correspond to
well-known Gauss–Legendre methods. A p1, 1q-stages method cannot be achieved as the order
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conditions associated to 1
1
1

1 and 1
1 1

1 in Theorem 2.3 would bring a contradiction.

1
2

1
4

1
4

1
2

1
4

1
4

1
4

3�2
?

3
12

1
2

1
4

1
4

3�2
?

3
12

1
4

1 1
2

1
2

3.2 Stochastic Runge-Kutta methods with high deterministic order

Let us now present a handful of explicit methods with second weak order, optimal number of
function evaluations, and third deterministic order, as these methods often display improved
error constants and rates of convergence for stochastic perturbation of deterministic dynamics.

Itô explicit of deterministic order 3 We propose the following two methods BDK2 and
BDK3 (respectively with c � 1

2 and c � 1
3) of order 2 and deterministic order 3. Note that the

deterministic part of these methods coincides with Kutta’s RK32 [19].

0 0 0 0 0
1
2 0 0 3

5 �
?

6
10 0

�1 2 0 3
5 � 2

5
?

6 0
0 0 0 0 0
1
2 0 0 1

2 0
1
6

2
3

1
6 0 1

0 0 0 0 0
1
2 0 0 1

2 0
�1 2 0 1 0
0 0 0 0 0
1
2 0 0 1

2 0
1
6

2
3

1
6 0 1

Stratonovich explicit of deterministic order 3 (c � 1
2)

0 0 0 1
2 �

?
3

2 0 0 0
1
3 0 0

?
3� 1 0 0 0

0 2
3 0 1

6 �
?

3
6 0 0 1

3
0 0 0 0 0 0 0 0 0 0 0
1
2 0 0 1

2 0 0 0 1
2 0 0 0

�1
2 1 0 �1 3

2 0 0 �1
2

1
2 0 0

1
2 0 0 �1

2
3
2 �1

2 0 �3
2

3
2 1 0

1
4 0 3

4 0 2
3

1
6

1
6

4 Numerical applications
In this section, in Examples 4.1 and 4.2 we first numerically confirm the theoretical findings on
two test problems and conclude then with Example 4.3 illustrating an application to invariant
measure sampling.

In Examples 4.1 and 4.2, we will compare the computational effort and accuracy of the
newly derived methods BDK1, BDK2 and BDK3 with some integrators from the literature,
namely DRI1 from [30], W2Ito1 from [79], RI5 and RI6 from [75]. Note that RI6 coincides for
m � 1 with Platen’s second order method [70]. The numbers Nd and Ns of evaluations of the
integrands f0 and fp, p � 1, . . . ,m, as well as the number Nr of random variables per step of
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the new methods are lower as presented in Table 3. In the numerical illustrations, the solution
ErϕpXptqqs will be approximated with step sizes 2�1, . . . , 2�5. We will define the computational
effort per time step as Nd �mNs �Nr [30] and the numerically observed order of convergence
p̂ as slope of the regression line in the double–logarithmic plot of the approximated weak error
vs. step size. The expectation in the error term |ErϕpXN q � ϕpXpTN qqs| will be approximated
by Monte Carlo simulation |ÊrϕpXN q � ϕpXpTN qqs|, using 40000 batches of 25000 simulations.

Method pD pS Nd Ns Nr if m � 1 Nr for m ¡ 1
RI6 2 2 2 5 1 2m� 1

BDK1 2 2 2 2 1 m� 1
RI5,DRI1 3 2 3 5 1 2m� 1
W2Ito1 3 2 3 3 2 m� 2
BDK3 3 2 3 2 2 2m� 1
BDK2 3 2 3 2 1 m� 1

Table 3: Comparison of the considered explicit stochastic Runge-Kutta methods for solving (1.1) in terms
of deterministic order pD and stochastic order pS , numbers Nd and Ns of function evaluations and number
Nr of random variables.

Example 4.1. As first example, we consider the non-linear SDE [43, 60, 30]

dXptq �
�

1
2Xptq �

a
Xptq2 � 1

	
dt�

a
Xptq2 � 1 dW ptq, Xp0q � 0, (4.1)

on the time interval I � r0, 2s with the solution Xptq � sinhpt � W ptqq. Choosing ϕpxq �
pparsinhpxqq, where ppzq � z3 � 6z2 � 8z, the expectation of the solution is given by

ErϕpXptqqs � t3 � 3t2 � 2t. (4.2)

The simulation results at time t � 2, presented in Figures 1 and 2, show that with one noise
term, the new methods behave similarly in terms of convergence to the ones from the literature,
with a slightly reduced cost. The method BDK3 displays higher convergence rate than expected.

2�5 2�4 2�3 2�2 2�1
2�9

2�5

2�1

h

|Ê
rϕ
pX

N
q
�

ϕ
pX

pT
N
qq
s|

2�9 2�7 2�5 2�3

26

28

|ÊrϕpXN q � ϕpXpTN qqs|

C
om

p.
eff

or
t

BDK1, p̂ � 1.87 Platen/RI6, p̂ � 1.99

Figure 1: Numerical results for Example 4.1, methods of order (2,2)

13



2�5 2�4 2�3 2�2 2�1
2�13

2�6

21

h

|Ê
rϕ
pX

N
q
�

ϕ
pX

pT
N
qq
s|

2�13 2�8 2�3 22

25

27

29

|ÊrϕpXN q � ϕpXpTN qqs|

C
om

p.
eff

or
t

BDK2, p̂ � 2.06 BDK3, p̂ � 3.95 DRI1, p̂ � 2.01 RI5, p̂ � 1.91 W2Ito1, p̂ � 2.08

Figure 2: Numerical results for Example 4.1, methods of order (3,2)

Example 4.2. As second example, we consider a nonlinear SDE with 10 Wiener processes
[30, 79]

dXptq � Xptq dt� 1
10

c
Xptq � 1

2 dW1ptq � 1
15

c
Xptq � 1

4 dW2ptq

� 1
20

c
Xptq � 1

5 dW3ptq � 1
25

c
Xptq � 1

10 dW4ptq � 1
40

c
Xptq � 1

20 dW5ptq

� 1
25

c
Xptq � 1

2 dW6ptq � 1
20

c
Xptq � 1

4 dW7ptq � 1
15

c
Xptq � 1

5 dW8ptq

� 1
20

c
Xptq � 1

10 dW9ptq � 1
25

c
Xptq � 1

20 dW10ptq, Xp0q � 1. (4.3)

We approximate the fourth moment, i. e., ϕpxq � x4, with exact solution

ErϕpXptqqs � 4625768169

73570420483600
� 2998776077847

113706563209000
e

731453
360000 t � 80235120932849

78178246418000
e

251453
60000 t (4.4)

on the time interval I � r0, 1s. The simulation results at time t � 1 are shown in Figures 3
and 4. We observe that with multiple noise terms, the new methods have similar convergence
to the standard methods, but with a significantly reduced cost. The method BDK3 displays an
improved constant of convergence.

Example 4.3. For our last example, we are interested in the sampling of the invariant measure
of the following ergodic dynamics in a context of molecular dynamics:

dXptq � F pXptqqdt� divpD2pXptqqqdt�
?

2DpXptqqdW ptq, F pxq � �D2pxq∇V pxq (4.5)

where V : Rd Ñ R is a smooth potential, W is a d-dimensional Brownian motion, and D : Rd Ñ
Rd�d is smooth. Choosing Dpxq � Id yields the standard overdamped Langevin dynamics [59].
The dynamics of equation (4.5) is naturally ergodic under technical assumptions on V and D,
that is, for all test function ϕ,

lim
TÑ8

1
T

» T

0
ϕpXptqqdt �

»
Rd

ϕpxqρ8pxqdx, ρ8pxq9 expp�V pxqq.
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BDK1, p̂ � 1.84 RI6, p̂ � 1.85

Figure 3: Numerical results for Example 4.2, methods of order (2,2)
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h

|Ê
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pX

N
q
�

ϕ
pX
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N
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s|

2�8 2�5 2�2 21

27
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211

|ÊrϕpXN q � ϕpXpTN qqs|

C
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p.
eff

or
t

BDK2, p̂ � 1.99 BDK3, p̂ � 1.9 DRI1, p̂ � 2.06 RI5, p̂ � 1.98 W2Ito1, p̂ � 2.06

Figure 4: Numerical results for Example 4.2, methods of order (3,2)

The choice of a non-constant D map does not modify the sampled measure ρ8, but it can allow for
more efficient sampling. In [12], a generalisation of the popular Leimkuhler-Matthews integrator
[57] for sampling the invariant measure of (4.5) with order two is proposed. It is a postprocessed
integrator [81] and it relies on a non-detailed second order weak integrator for the Itô SDE:

dXptq �
?

2DpXptqqdW ptq.

Using our analysis, we propose the following postprocessed method for sampling the invariant
measure of (4.5),

Hn � Xn � h

4F pXn�1q,

Xn�1 � Xn � hF pXnq �
?

2h
¸
p

D:,ppHn �
c
h

2
¸
q

D:,qpHnqΘn
p,qqθn

p ,

Xn � Xn �
c
h

2
¸
p

D:,ppHnqθn
p ,
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with the random variables defined in Section 2.2 and for any initial condition X�1 � X0.
Assuming ergodicity of the scheme, applying the analysis of [69] yields that pXnq is an explicit
method of first weak order and of second order for sampling the invariant measure of (4.5). This
method uses only one evaluation of F and two evaluations of D per step. It does not rely on a
specific form of D as in [69].

5 High order analysis with decorated and exotic series
We derive here the general order conditions for the weak approximation of stochastic dynamics.
While the idea is not new [72, 73], we present a new approach with exotic forests that simplifies
the analysis and reduces the number of forests, together with modern algebraic tools from Hopf
algebra theory for the derivation of stochastic order conditions.

5.1 Decorated and exotic Butcher forests

We consider graphs π � pV,Eq where V is a finite set of nodes and E � V � V is a set of
directed edges. If e � pv, wq P E, the edge e is going from the node v to the node w, v is
a predecessor of w, and w is a successor of v. We impose that each node has at most one
outgoing edge. The nodes that do not have a successor are called roots and we impose that the
connected components, called trees, have exactly one root. Such graphs are then called a forest.
By convention, we draw the edges going from top to bottom and the roots as the bottommost
nodes. For instance, the following graph has three roots:

V � t1, 2, 3, 4, 5, 6u, E � tp4, 2q, p5, 2q, p6, 3qu, π � pV,Eq �
1 2

4 5

3

6
.

We attach specific decorations, also called colours in numerics, to the graphs. A decoration of
a graph π � pV,Eq is a map d : V Ñ N such that for n ¡ 0,

��d�1pnq�� P 2N. A decorated graph
is written πd. Given two decorations d1 and d2 of a given graph π, we say that d2 is finer than
d1, written d2 ¤ d1, if there exists α : N Ñ N such that d1 � α � d2 and αpnq � 0 if and only if
n � 0. The map α identifies colours. If d1 ¤ d2 and d2 ¤ d1, the decorations are equivalent. We
write d1   d2 if d1 ¤ d2 and d1 and d2 are not equivalent. The nodes of decoration 0 are drawn
in black.

Example 5.1. A forest π can be decorated in different ways:

πd1 � 1
1 , πd2 � 1

1
1 1 , πd3 � 1

1
2 2 , πd4 � 1

2
1 2 , πd5 � 2

1
2 1 , πd6 � 1

2
2 1 . (5.1)

In this example, the decorations d3, d4, d5, d6 are finer than d2.

The numerical and the exact flow of stochastic differential equations rewrite naturally with
decorated forests. However, let us introduce a simpler set of forests that is sufficient for expand-
ing the exact flow, in the spirit of [55, 9].

Definition 5.2. Two decorated graphs π1
d1

and π2
d2

are equivalent if there exists a bijection
between their sets of nodes that preserves the oriented edges and sends the decoration d1 to a
decoration equivalent to d2. We call decorated forests the equivalence classes of such graphs,
where we also add the empty forest 1.

Analogously, we call exotic forests the equivalence classes of decorated forests πd such that for
all n ¡ 0,

��d�1pnq�� P t0, 2u. A pair of nodes with matching non-zero decoration is called a liana.
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We gather the decorated and exotic forests in the sets DF and EF and write DF � SpanRpDF q,
EF � SpanRpEF q.

The order of a decorated forest is

|πd| �
��d�1p0q��� 1

2
¸
n¡0

��d�1pnq�� .
The number of automorphisms of a given decorated forest πd is the symmetry coefficient σpπdq.
Example 5.3. In Example 5.1, all forests are exotic, except πd2 as the decoration 1 appears
more than two times. The decorated forests of Example 5.1 have the order

|πd1 | � 3, |πd2 | � |πd3 | � |πd4 | � |πd5 | � |πd6 | � 2,

and the symmetry coefficients satisfy

σpπd1q � σpπd4q � σpπd5q � σpπd6q � 1, σpπd2q � σpπd3q � 2.

The list of all exotic and decorated forests of order one and two is presented in Tables 1 and 2.

Remark 5.4. Note that two decorated forests can be equivalent, while having non-equivalent
decorations. For instance in Example 5.1, the forests πd4, πd5, and πd6 are equivalent, but only
the decorations d4 and d5 are equivalent. Given two decorated forests πd1, πd2 with d2 ¤ d1, we
write mpπd2 , πd1q the number of different finer decorations of πd1 that yield a decorated forest
equivalent to πd2.

Let us now equip EF with algebraic structures. On one hand, the concatenation product
of two decorated forests, denoted πd1 � πd2 , yields a decorated forest given by the union of the
two graphs, with the decoration that preserves the nodes of same decoration in πd1 and πd2 , but
does not use the same non-zero decoration for nodes in πd1 � πd2 :

1 1
2 2

� 1
2
1 2

� 3 3
4 4

1
2
1 2

.

On the other hand, the Grossman-Larson product π1
d1
� π2

d2
concatenates and grafts the roots

of π1
d1

on all nodes of π2
d2

in all possible ways (counting multiplicity), using different non-zero
decorations for the nodes in d1 and d2. For instance, we find

� � � , 1 1 � � 1 1 � 2 1
1 � 1 1 , 1 1 � 1 1 � 2 1 1

2 2 � 2 1
2

1
2 � 4 2 1 1

2 � 2 2 1 1 .

Let the deshuffle coproduct ∆: EF Ñ EF b EF :

∆π �
¸

π1,π2PEF,π1�π2�π

π1 b π2, ∆1 � 1b 1.

For instance, we find (note that lianas cannot be split on different sides of the tensor product)

∆ 1
1 2

2 � 1b 1
1 2

2 � 1
1 b 2

2 � 2
2 b 1

1 � 1
1 2

2 b 1.

The exotic forests are naturally equipped with two structures of Hopf algebras. We refer to
[9, 10] for similar structures in the simpler context of SDEs with additive noise.

Proposition 5.5. The exotic forests equipped with the concatenation product and the Grossman-
Larson product have a structure of Hopf algebras pEF , �,∆q and pEF , �,∆q, graded by the order.
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Remark 5.6. An exotic forest πd is called primitive if

∆πd � 1b πd � πd b 1.

In contrast to the deterministic setting, primitive forests are not the exotic trees. For instance,
1 1 and 1

2
1
2 are primitive as they cannot be written as a concatenation of exotic trees. In a variety

of numerical contexts, the primitive elements exactly correspond to the order conditions of the
numerical methods, so that the number of order conditions is given by the number of primitive
elements [32, 10]. One of the major difficulties of stochastic numerics for general SDEs is that
the coefficient maps of stochastic Runge-Kutta methods are not characters w.r.t. concatenation
in general, so that one has to consider all decorated forests for the order conditions. Hence the
high number of order conditions in Theorem 2.3.

5.2 Algebraic expansion of flows with decorated and exotic forests

The decorated and exotic forests represent elementary differentials via the use of the elementary
differential map F dec.

Definition 5.7. Let a decorated forest πd � pV,E, dq. Then, the decorated elementary dif-
ferential map F dec is the differential operator acting on test functions ϕ P C8P pRdq satisfying
F decp1qrϕspxq � ϕpxq and

F decpπdqrϕspxq �
¸

iw�1,...,d
wPV

¸
pn�1,...,m, nPImpdqz0

p0�0, pn1�pn2 if n1�n2

ϕIR
pxq
¹
vPV

f
pdpvq,iv

IΠpvq
pxq,

where R � V is the set of roots, Πpvq denotes the set of predecessors of v, and IS � iw1 . . . iwn

for S � tw1, . . . , wnu. Analogously, the exotic elementary differential map on πd P EF satisfies
F exop1qrϕspxq � ϕpxq and

F exopπdqrϕspxq �
¸

iw�1,...,d
wPV

¸
pn�1,...,m, nPImpdqz0

p0�0

ϕIR
pxq
¹
vPV

f
pdpvq,iv

IΠpvq
pxq.

The two elementary differential maps F dec and F exo are very similar, the only difference
lying in the additional summing restriction pn1 � pn2 in the definition of F dec. For instance, the
forest πd3 from Example 5.1 yields

F decpπd3qrϕs �
ḑ

i,j,k,l�1

m̧

p,q�1
p�q

ϕijkf
p,i
l fp,lf q,jf q,k,

F exopπd3qrϕs �
ḑ

i,j,k,l�1

m̧

p,q�1
ϕijkf

p,i
l fp,lf q,jf q,k.

We observe in particular
F exopπd3q � F decpπd3q � F decpπd2q.

We refer to Tables 1 and 2 for further examples. The exotic formalism is simpler as it does not
require to work with different cases depending on the equal values in pn, which quickly becomes
tedious as the order of the method goes up.

The following result, in the spirit of [78], allows one to translate elementary differentials
between the exotic and decorated formalisms.
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Proposition 5.8. Let πd P EF be an exotic forest, then the exotic differential map satisfies

F exopπdq �
¸

πd0PDF
d¤d0

F decpπd0q,

and F exo can thus be extended to DF with this identity. Then, the Moebius inversion formula
holds for πd P DF ,

F decpπdq �
¸

πd0PDF
d¤d0

µpπd, πd0qF exopπd0q,

where the Moebius function is

µpπd1 , πd1q � 1, µpπd1 , πd2q � �
¸

πdPDF
d1¤d d2

µpπd1 , πdq.

The elementary differential translates the operations on forests to operations on differential
operators.

Lemma 5.9. The composition of differential operators is given by the Grossman-Larson product:
for πd, π̂d̂ P EF , one has for all ϕ P CP8pRdq,

pF exopπdq � F exopπ̂d̂qqrϕs � F exopπdqrF exopπ̂d̂qrϕss � F exopπd � π̂d̂qrϕs.
The generators of the SDEs (1.1)/(1.2) are represented by exotic forests as

LItô � F exop � 1
2 1 1 q, LStrato � F exop � 1

2 1 1 �
1
2 1

1 q.

The expansion (2.2) rewrites in terms of exotic forests, using Lemma 5.9.

Proposition 5.10. The Taylor expansion of the flow (2.2) is represented by the Grossman-
Larson exponential exp�pτq � °8

n�0
1
n!τ

�n, that is,

uItôpx, hq � F exopexp�ph � h

2 1 1 qqrϕs,

uStratopx, hq � F exopexp�ph � h

2 1 1 �
h

2 1
1 qqrϕs.

5.3 Decorated and exotic S-series for stochastic numerics

The main tool for representing the Taylor expansions of our analysis are S-series, which generalise
Butcher series [17, 18, 35] to represent differential operators.

Definition 5.11. Given 1-forms, called coefficient maps, a P DF� and b P EF�, the associated
decorated and exotic S-series are the following formal power series

Sdec
h paqrϕs �

¸
πdPDF

h|πd| apπdq
σpπdqF

decpπdqrϕs,

Sexo
h pbqrϕs �

¸
πdPEF

h|πd| bpπdq
σpπdqF

exopπdqrϕs.

We denote Sdecpaq � Sdec
1 paq and Sexopaq � Sexo

1 paq.
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Remark 5.12. Similar to the exotic S-series being formal sums indexed by exotic forests, the
exotic B-series are formal series indexed by exotic trees, whose use is central in the numerical
approximation for the invariant measure of ergodic stochastic dynamics [55, 56, 9, 10]. It is
proven in [54] that the exotic B-series from the additive noise case are not just a combinatorial
tool for the simplification of tedious calculations, but are a universal geometric object charac-
terised by the properties of locality and orthogonal equivariance (see also [61, 66]). To the best of
our knowledge, such geometric properties have not yet been studied for the exotic and decorated
S-series presented in this work.

The Taylor expansion (2.2) of the flow and the corresponding expansion (2.3) of the stochastic
Runge-Kutta method (1.3) can typically be written in terms of decorated S-series, but unfor-
tunately not by exotic S-series for the numerical flow in general, in opposition to the additive
noise case. The previous works rely on a set of forests that is unnecessarily bigger than DF .
The use of decorated forests allows us to avoid repeating the same condition multiple times and
to take into account the symmetries of the conditions: one decorated forest stands for one order
condition exactly.
Theorem 5.13. The exact flow of (1.1)/ (1.2) is given by an exotic S-series:

ErϕpXphqq|X0 � xs � Sexo
h peqrϕspxq.

Consider a stochastic Runge-Kutta method of the form (1.3) whose coefficients satisfy Assump-
tion 2.1. Then, the expansion (2.3) of the integrator is well defined and is given by a decorated
S-series:

ErϕpX1q|X0 � xs � Sdec
h paqrϕspxq.

The coefficient e can be computed by iteration of the Grossman-Larson product as in Propo-
sition 5.10 and then multiplying by the symmetry coefficient (see also the expression in [71]).
For instance, one finds in the Itô case (1.1):

exp�ph � h

2 1 1 q � h
�
� 1

2 1 1

	
� h2

�1
2 � 1

2 � . . .
	
� . . . ,

so that e satisfies
e

σ
p q � 1, e

σ
p 1 1 q �

1
2 ,

e

σ
p 1

1 q � 0, e

σ
p q � 1

2 ,
e

σ
p q � 1

2 , . . .

Alternatively, we provide in Proposition 5.18 and equation (5.2) an explicit expression of e using
an extension of the Butcher-Connes-Kreimer Hopf algebra. The values of e for exotic forests of
order up to two are presented in Table 1.

The coefficient map of stochastic Runge-Kutta methods (1.3) is deduced from the decorated
graph, similarly to the deterministic literature [35, Chap. III]. One arbitrarily labels the nodes
of the forest and writes zpd

r if a root is labeled with r and decorated with the decoration d, with
the convention p0 � 0. Similarly, we write Zp,q

v,w if an edge goes from the node w with decoration
q to the node v with decoration p. The coefficient a is then obtained by summing on every
indices involved and taking the expectation. We provide an example and refer the reader to [9,
Prop. 4.3] and [72, 26] for further details,

πd � a
1b
2c

3
d e

2
f

g

3
h

1
i
,

apπdq �
ş

a,b,c,����1

m̧

p1,p2,p3�1
Erz0

aZ
0,p1
a,b Z

p1,p2
b,c Z0,p3

a,d Z
0,0
a,ez

p2
f Z

p2,0
f,g zp3

h Z
p3,p1
h,i s.
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Remark 5.14. A 1-form a P H� over an algebra pH, �q is called a character if

apx � yq � apxqapyq, x, y P H.

The coefficient map e P EF� of the exact flow naturally is a character. In most numerical
contexts, the methods are represented by characters on some Hopf algebra. A major difficulty of
stochastic numerics with multiplicative noise is that the coefficient map a of stochastic Runge-
Kutta methods is not a character (as ErXY s � ErXsErY s in general).

For the approximation of SDEs with additive noise, it is sufficient to use only Gaussian
random Runge-Kutta coefficients. In this context, the Isserlis theorem [42, 67] (also called the
Wick formula) guarantees that the S-series of the numerical solution rewrites as an exotic series.
Gaussian Runge-Kutta coefficients do not suffice for high order in the case of multiplicative
noise. We thus rely on decorated forests and we split in Theorem 2.3 the order conditions into
two sets, namely exotic and Isserlis order conditions. The Isserlis order conditions allow to write
the Taylor expansion (2.3) as an exotic S-series up to the order studied and are computed using
the following result.

Theorem 5.15. Consider a numerical method whose expansion takes the form of a decorated S-
series with coefficient map a. Then, the expansion writes as an exotic S-series if for all πd P DF ,
the following condition, that we call Isserlis condition, is satisfied,

apπdq �
¸

πd0PEF
d0¤d

σpπdq
σpπd0q

apπd0q �
¸

d0¤d
πd0PEF

apπd0q.

Theorem 5.15 is a straightforward consequence of the identity mpπd0 , πdq � σpπdq
σpπd0 q

and Propo-
sition 5.8. We emphasize that the first sum in Theorem 5.15 is indexed by all the exotic forests
with a finer decoration than d, while the second one is indexed by all the exotic decorations finer
than d, so that it allows some repetition. For example, we have the following Isserlis condition
of order two:

ap 1
1

1 1 q � ap 1
2

1 2 q � ap 1
2

2 1 q � ap 1
1

2 2 q � 2ap 1
2

1 2 q � ap 1
1

2 2 q.
From the expansions in exotic and decorated S-series of the exact and numerical flow and

the characterisation of Isserlis conditions, we derive the weak order conditions of Theorem 2.3.

Proof of Theorem 2.3. Thanks to Theorem 5.13, the exact and numerical flow write respectively
as an exotic S-series Sexo

h peq and a decorated S-series Sdec
h paq. The Isserlis order conditions from

Theorem 5.15 impose that the numerical flow writes as the exotic S-series Sexo
h paq. Then, the

order conditions are obtained by identifying the coefficient maps on exotic forests: apπq � epπq
for π P EF . Together with Assumption 2.1, they ensure that the prerequisites for Proposition 2.2
are satisfied.

To complete our description of exotic S-series, let us describe the composition of differential
operators represented by exotic S-series using the celebrated Butcher-Connes-Kreimer (BCK)
Hopf algebra [23, 24].

Definition 5.16. A cut c of π P EF is a (possibly empty) choice of edges of π. Removing
these edges yields a forest Wcpπq, the component of Wcpπq containing the roots of π is written
Rcpπq and the other components are gathered in the forest Pcpπq. A cut is admissible, written
c P Admpπq, if any path from a root to a leaf of π has at most one cut and if Rcpπq, Pcpπq P EF .

21



We define the exotic extension of the BCK Hopf algebra in the following result. The proof
is analogous to the additive noise case [9, 10] and is thus omitted (see also [68, 38]).

Proposition 5.17. Define the BCK coproduct on EF by

∆BCK1 � 1b 1, ∆BCKπ � π b 1�
¸

cPAdmpπq
Pcpπq bRcpπq.

Then, pEF , �,∆BCKq is a graded connected commutative Hopf algebra and its graded dual is
isomorphic (up to the symmetry coefficient) to the Grossman-Larson Hopf algebra pEF , �,∆q.

The main difference with the deterministic setting [21] and the standard Hopf algebra for-
malisms over decorated forests [34] is that the nodes sharing the same decoration cannot be split
by the Butcher-Connes-Kreimer coproduct:

∆BCK
1 2

1 2

� 1b 1 2
1 2

� 1 1 b 2
2

� 1 2
1

2 b � 1 2
1 2 b � 1 2

1 2

b 1.

The composition of exotic S-series is described by the BCK coproduct (see also [27] for an
analogous description of the composition without the Hopf algebra formalism).

Proposition 5.18. Let a, b P EF�, then the composition of exotic S-series satisfies

Sexopaq � Sexopbq � Sexopa � bq, a � b � µ � pab bq �∆BCK ,

where µ is the multiplication and � is called the composition law.

Define the coefficient map of the Itô generator l : EF Ñ R by l � δ � δ 1 1 (respectively
l � δ � δ 1 1 � 1

2δ
1
1 for Stratonovich), where δτ pτ̂q � 1τ�τ̂ . The associated S-series yields the

generator Sexoplq � L. Then, the coefficient map e of the exact flow satisfies

upx, hq � Sexopeqrϕspxq, e � exp�phlq. (5.2)

6 Conclusion
In this paper, we provided a novel approach based on specific choices of random Runge-Kutta
coefficients that allows to greatly reduce the number of order conditions for stochastic Runge-
Kutta methods of high weak order in the case of multiplicative noise. We provide a collection of
new methods with similar accuracy and cheaper cost compared to the literature. The methods
are optimal in the sense that they use the minimal number of function evaluations. The analysis
of the order conditions relies on exotic and decorated S-series and the associated Hopf alge-
bra structures. The algebraic approach allows to obtain a formalism where one forest exactly
corresponds to one order condition, to emphasize the central role of exotic series in stochastic
numerics, and to identify the major algebraic difficulties brought by multiplicative noise.

The present work raises several new questions, from both algebraic and numerical perspec-
tives, in the design of efficient discretisations. First, it would greatly simplify the analysis to
find a class of methods whose Taylor expansions write as exotic series directly. Moreover, the
design of the random variables was done by hand, and a formalisation of the definition of random
variables satisfying given moment identities would help in the challenging calculations for higher
order. The simplifying approach and the new methods presented in the present paper could be
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extended to other contexts such as, for instance, the creation of invariant measure-preserving
methods for ergodic dynamics [12], symplectic schemes for the study of stochastic Hamiltonian
systems [39], or for stochastic integration on manifolds. For the latter, the exotic Butcher series
formalism is extended to the study of stochastic Lie-group methods with additive noise in [11].
The extension of such methods for multiplicative noise, for sampling ergodic dynamics, and the
study of the associated algebraic structures (in the spirit of [15, 16]) is exciting matter for future
work.
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Appendices
A Implicit-explicit stochastic Runge-Kutta methods
We present in this section a collection of new IMEX methods with optimal number of stages.
Such methods could typically be used for solving multiscale stochastic systems.
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