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The overdamped Langevin equation in molecular dynamics

Consider N particles moving in a fluid with positions g(t) and velocities p(t).
The particles are submitted to

@ a potential V/(q) and the associated force —VV(q),
@ a friction force —vyp,

@ a collision term 4/2—g-dW(t).

Then applying the fundamental principle of dynamics, we find the underdamped
Langevin equation:

dq(t) = p(t)dt,
dp(t) = (=VV(q(t)) —yp(t))dt + 1/ F dW(t).
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The overdamped Langevin equation in molecular dynamics
Consider N particles moving in a fluid with positions g(t) and velocities p(t).
The particles are submitted to

@ a potential V/(q) and the associated force —VV/(q),

@ a friction force —vyp,

@ a collision term w%dW(t).
Then applying the fundamental principle of dynamics, we find the underdamped
Langevin equation:

dq(t) = p(t)dt,
dp(t) = (=VV(q(t)) —vp(t))dt + /3 dW(t).

In a high friction regime (7 — ), we obtain the following simplified equation
called the overdamped Langevin equation, where f = -V V:

dX(t) = f(X(t))dt + cdW(t), X(0) = X, e RY.

This is a stochastic differential equation (SDE). It means that X satisfies

t t

f(X(s))ds + J odW(s).

0

X(t) = X(0) +4[

0
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The overdamped Langevin equation in molecular dynamics
We consider the overdamped Langevin equation:

dX(t) = F(X(t))dt + odW(t),

where f(x) = —=VV(x) and ¢ > 0.

Different types of convergence:
e Strong (approximation of a single trajectory for a realization of W(t)),
o Weak (approximation of the law of X(t)),
@ Invariant measure (approximation of the law of X(t) at equilibrium).
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Example with a stiff potential

We consider the overdamped Langevin equation with d = 2

1
dX(t) = =VVE(X(t))dt + odW(t), V°(x)= £(|x|2 —1)2 4+ 3(x2 — x3)%
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Constrained Langevin dynamics

Adding constraints ((X(t)) = 0 with (: RY — R (e.g. strong covalent bonds
between atoms, or fixed angles in molecules), the solution lies on the manifold
M = {xeR9 ((x) =0} and we get constrained Langevin dynamics:

dX(t) = Ma (X () F(X(t))dt + olMp(X(t)) o dW(t), X(0) = Xoe M,
where My : RY - RI%? is the projection operator on the tangent bundle of M.
Equivalent formulation, with g = V(:

dX(t) = f(X(t))dt + odW(t) + g(X(t))dA:, ((X(t)) =0.
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Constrained Langevin dynamics

Adding constraints ((X(t)) = 0 with (: RY — R (e.g. strong covalent bonds
between atoms, or fixed angles in molecules), the solution lies on the manifold
M = {xeR9 ((x) =0} and we get constrained Langevin dynamics:

dX(£) = M (X)) F(X(8))dt + oTag(X(£)) 0 dW(8), X(0) = Xo € M,
where My, : RY — R9%? is the projection operator on the tangent bundle of M.

Ergodicity property:

T
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Penalized Langevin dynamics

In practice, constraints are satisfied up to a parameter ¢, and we obtain penalized
Langevin dynamics:

2
dX® = £(X°)dt + odW + %(G’lg'g)(Xa)dt - é(gG’lg)(Xs)dt,
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Penalized Langevin dynamics
Overdamped Langevin dynamics in RY:
dX = f(X)dt + odW.
Constrained overdamped Langevin equation on M = {x € R9 ((x) = 0}:
dX® = f(X%)dt + adW + g(X°)d\°.

Penalized Langevin dynamics for simulating trajectories in the vicinity of the
manifold M, where g = V( and G = g"g:

2
dX® = f(X®)dt + odW + %(G’lg'g)(Xs)dt - g(gcflg)(xs)dt,
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Penalized Langevin dynamics
Overdamped Langevin dynamics in RY:

dX = f(X)dt + odW.
Constrained overdamped Langevin equation on M = {x € RY,{(x) = 0}:
dX® = £(X%)dt + cdW + g(X°)d\°.
Penalized Langevin dynamics for simulating trajectories in the vicinity of the

manifold M, where g = V( and G = g"g:
2
1
dXE = £(X)dt + odW + %(G*lg'g)(xs)dt — ~(g6 1 O(X)dt,
Theorem (Ciccotti, Lelievre, Vanden-Eijnden, 2008)
Under technical assumptions, X¢ converges strongly to X°, that is,

sup]E[|XE(t) —Xo(t)|2] < Ce.

t<T

Moreover, ((X¢(t)) satisfies supth]E[|C(Xs(t))|2] < Ce.
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Penalized Langevin dynamics
Overdamped Langevin dynamics in RY:
dX = f(X)dt + odW.
Constrained overdamped Langevin equation on M = {x € R9 ((x) = 0}:
dX® = f(X%)dt + adW + g(X°)d\°.

Penalized Langevin dynamics for simulating trajectories in the vicinity of the
manifold M, where g = V( and G = g"g:

2
dX® = f(X®)dt + odW + %(G’lg'g)(Xs)dt - g(gG’lg)(XE)dt,

Question: can we create a numerical integrator for solving penalized dynamics,
with the properties of

@ accuracy and cost independent of €7

@ convergence to a consistent scheme on the manifold M when € — 07
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The Euler integrators in R?

We consider the penalized overdamped Langevin dynamics:

dXE = F(X)dt + odW + L (G &'g)(X°)dt — %(gG_IC)(XE)dt
The Euler-Maruyama method is given by

o1 = Xs o+ hXE) + 0B + 0T (G g E)XE) (a6 ().
where h is the timestep and &, ~ N(0, Iy) are independent Gaussian vectors.

Issue: the Euler scheme works for ¢ = O(1), but becomes unstable when ¢ — 0.
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The Euler integrators in R?

We consider the penalized overdamped Langevin dynamics:

dX® f(XE)dt—i—adW—i——(G )(XE)dt—f(gG LO)(XE)dt

The Euler-Maruyama method is given by

o1 = X+ D) + 0B, + b (G g (X)) — L6610 ().

(L I

where h is the timestep and &, ~ N(0, Iy) are independent Gaussian vectors.

Issue: the Euler scheme works for ¢ = O(1), but becomes unstable when ¢ — 0.

Remark
Possible solution of the instability with the implicit Euler method?

02 — € h — €
Xoi1 = X; + hf(X3) + ov/hé, + h=(G 'g'g)(X;) - (&G L) (Xar1)s

Issue: stability does not guarantee accuracy.
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The Euler integrators for constrained Langevin dynamics
Langevin dynamics on manifold M = {x € RY,((x) = 0}

dX(t) = M (X(£)F(X())dt + oTu (X () 0 dW(2).

Equivalent formulation with Lagrange multipliers

dX(t) = f(X(t))dt+odW (t)+g(X(t))d\:, ((X(t)) =0.

Example (Euler integrators)
Two widely used integrators are the Euler scheme with explicit projection
direction, where g = V(

Xnt1 = Xn 4+ hf(Xn) + oVhEn + Ag(Xn), ((Xpy1) =0,

and alternatively the Euler scheme with implicit projection direction

Xni1 = Xo + hf(X,) + oVhEn + Ag(Xni1), ((Xay1) = 0.

References: Ciccotti, Kapral, Vanden-Eijnden, 2005; Leliévre, Le Bris,
Vanden-Eijnden, 2008; Lelievre, Rousset, Stolz, 2010; ...

Issue: The schemes work for ¢ — 0, but become inaccurate when ¢ = O(1).
CANUM - Juin 2022 12/19
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The Euler integrators for constrained Langevin dynamics

KXo+ hX,) + olR'E,

Implicit method
Explicit method
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Standard integrators for penalized Langevin
Penalized Langevin dynamics:

2
1
dXE = £(X)dt + odW + %(G’lg'g)(XE)dt — ~ (g6 O(X")dt,
Euler-Maruyama integrator in RY - accurate when h « &, blow-up when ¢ — 0:
h -1
— 286 1) (X).

Constrained Euler scheme on M - accurate when € — 0, inaccurate else:

X0,y = X0+ Vhot + hf(XD) + g(X)A®,  ((XD,;) = 0.

2
X1 = Xy +Nhot + hf (X,) + h7-(Gg'g)(X0)
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Standard integrators for penalized Langevin
Penalized Langevin dynamics:

dX® = f(X%)dt + odW + ?(G*lg'g)(xs)dt — %(gcflg)(XE)dt,
Euler-Maruyama integrator in RY - accurate when h « &, blow-up when ¢ — 0:
Xoer = Xo + Vot + hF(X) + 5 (6 18'8)0%) ~ (86 1)(X,)
Constrained Euler scheme on M - accurate when € — 0, inaccurate else:
X0,y = X0+ vVhot + hf(X2) + g(X)A°,  ((X0,;) = 0.

Question: is it possible to create a consistent integrator with an accuracy
independent on &7

integrator (X2), in RY =20 integrator (X?), on M

h—»OJ{ hﬁOJ{

penalized dynamic X¢(t) in RY —=% constrained dynamic X°(t) on M
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Standard integrators for penalized Langevin

Penalized Langevin dynamics:

2
dX® = f(X®)dt + odW + %(G’lg'g)(Xs)dt - g(gG’lQ(XE)dt,

Euler-Maruyama integrator in RY - accurate when h « &, blow-up when ¢ — 0:

MG 10)(X,).

I3

2
X1 = Xo + N hot + hF(X,) + h7- (G 1g'g)(X,)
Constrained Euler scheme on M - accurate when € — 0, inaccurate else:

X0, 1 = X0+ Vhot + hf(X2) + g(XO)N°,  ¢(X%.;) =0.

Related works on multiscale problems:

@ Highly-oscillatory problems: 0;u = éAu + F(u) (Chartier, Lemou, Méhats,
Vilmart, 2020; Chartier, Lemou, Trémant, 2020; Laurent, Vilmart, 2020;
Almuslimani, Chartier, Lemou, Méhats, 2020; .. .)

o Kinetic PDEs: 0;u + %a(v)vxu = ... (Crouseilles, Hivert, Lemou, 2015;
Bréhier, Rakotonirina-Ricquebourg, 2020; ...)
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A new uniformly accurate integrator

New method

XE,1 = XS +Vhot, + hf(XE) +

_ a—h/ey2
Qe (ce2gg)0x))
2

2
o°e

+ (1= e M) (Gg'g)(X7) + g(X)N,

((Xepa) = € 2C(X7) + 0y [5(1 — 2T (XD,

h T o’ 1. T o’
+e(1—e")(g7f + G g g'e + 5 div(e))(X;)-

This discretization solves with uniform accuracy the penalized Langevin dynamics:

2
dX® = odW + f(X°)dt + %(G*lg'g)(xwt - %(gcflg)(xzf)dt.

Idea: project a modified step of the Euler method on a modified manifold M*
that is close to M when € — 0.
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A new uniformly accurate integrator
New method

_ a—h/ey2
Qe (ce2gg)0x))

XE,1 = XS +Vhot, + hf(XE) +

o?e

+ 21— ) (G R)(X3) + g (XN,
((Xepa) = € 2C(X7) + 0y [5(1 — 2T (XD,

h T o’ 1. T o’
+e(1—e")(g7f + G g g'e + 5 div(e))(X;)-

Theorem (L., 2021)

Under technical assumptions, the new integrator (XS) is a consistent uniformly
accurate approximation of the penalized Langevin dynamic X¢(t), that is,

[E[6(XS)] — E[¢(X*(nh))]| < CVh, n=0,1,...,N,

where C is independent of ¢.
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A new uniformly accurate integrator

New method

€ € € (l_e_h/s)z 2~—2 1 €
Xivy = X5 + NVhoty + hF(X7) + =————(C*6*g'g)(X})
o’e _ ,—2h/e -1 _s € e\ \&
+ (1= e5)(GT1g'g)(X7) + e (X)X,
((X511) = e7EC(XE) + oy (1 — e 2)g T (X2)én

h T o> 17 a°
+e(1—e")(gTf + -G gTg'e + - div(e))(X;).

Theorem (L., 2021)

Under technical assumptions, the integrator (Xt), lies on the manifold
when € — 0 and converges strongly to the constrained Euler scheme given by

X0,y = X0 + Vhot + hf(XD) + g(X)A®,  ((X0,;) = 0.
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Numerical experiments - Invariant measure on the torus

We approximate {, ¢(x)p. (x)dx with the estimator J = Z,’:’:l ¢(X,E,'")) when
M is a torus in R3, and with the constraint ¢(x) = (|x|> + 8)2 — 36(x2 + x2), the
map f(x) = —25(x; — 2, x2,x3), and M = 107 trajectories.

107! 1 1071

B e

—#— New method
—#— Explicit Euler

H
2
8

0 )___E/E/E/E—_—(
i
. W

—o—h=T/2 —a—h=T/25 —o—h =T/2"

H
3

Invariant measure error
Invariant measure error

Constrained Euler ——h=T/2" ——h=T/2°
101 1072 10° 1074 1072 10°
Parameter ¢ Parameter

We observe the uniform accuracy of the new method and the loss of accuracy of
the Euler schemes in R and on the manifold.
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Numerical experiments - Orthogonal group

We compute the weak error when M is the orthogonal group
o(m)={MeR™"™ M™M= I,},

with the potential V/(x) = 50|x — /2|2, the map f = —VV, M = 10° trajectories,
the stiff parameter ¢ = 0.005 and the timestep h =277 ~ ¢.

m || dim(M) | ¢ J(m) error for Jya || error for Jgc
2 1 2.00934 3.1-1073 1.8-1072
3 3 6 3.01458 6.4-1073 4.0-1072
4 6 10 4.02050 1.1-1072 7.2-1072
5 10 15 5.02669 1.8-1072 1.1-1071

Remark: the Euler scheme in R blows up for the chosen parameters.
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Conclusion and outlook

Summary:

@ We introduced a new integrator for the approximation of penalized Langevin
dynamics with uniform accuracy.

@ The scheme is a projection method with a modified constraint.

@ We obtain weak consistency, and the method converges strongly to the Euler
scheme on M when € — 0. The integrator and its analysis work for problems
of any dimension and codimension.

Outlooks and future works:
@ High order UA integrators for penalized Langevin dynamics.
@ Generalized unified class of Runge-Kutta methods for approximating Langevin
dynamics in RY, on manifolds and in the vicinity of manifolds.
@ Work in progress (with H. Munthe-Kaas, J. Stava, G. Vega-Molino): Lie-group
methods for Langevin dynamics.

@ Work in progress (with I. Almuslimani): UA integrator for SDEs with fast
stochastic oscillation.

Adrien Laurent (University of Bergen) UA integrator for penalized Langevin dynamics CANUM - Juin 2022 19/19



UA integrator in arbitrary codimension

UA method

(1 _ e—h/6)2

Xi1 = X5 + Vhoty + hf (X7) + ———(

g'(8G1O)GTO)(XE)

o%e

+ 2 e 2M)V In(det(G))(XS) + g(X3)A°,

C(XE,q) = e7M=¢(XE) + 0—4/ 1—e=2h/e)gT(XE)¢

+e(l—e ") (gTf +Z Tv In(det(G)) + ;div(g))(X,f)

o? (5(1 —ehey — \/ﬁ

d
x Z[((g’(gG_lgTef))TgG‘lgTef)(Xﬁ) —((g'(e) g6 g Ter) (XO)]-
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Idea of the proof - Change of coordinate
e Assume there exists a smooth change of coordinate

_ o(x) : ro
P(x) = (C(X)) , with ¢'g=0.
e In these coordinates, the penalized Langevin dynamics rewrite into
2
dp(X7) = (¢ F)(X)dt + 0! (X)dW + (¢ (V In(det(6))))(X*)dt

o2
+ ?Aw(Xf)dt,

d¢(X?) = (g7 F)(X°)dt + og T (X)dW + ?(G’lng'g)(Xs)dt

+ ";div(g)(xs)dt - %C(Xf)dt.
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Idea of the proof - Change of coordinate
e Assume there exists a smooth change of coordinate

W(x) = (‘é’((j))) . with /g =0.

e In these coordinates, the penalized Langevin dynamics rewrite into
2
dp(X7) = (¢ F)(X)dt + 0! (X)dW + (¢ (V In(det(6))))(X*)dt

o2
+ ?Aw(Xe)dt,

d¢(X?) = (g7 F)(X°)dt + og T (X)dW + %2(G 'gg'g)(X%)dt

+ ";div(g)(XE)dt - %C(Xf)dt

e The variation of constants formula yields
t

C(XE(1) = e 75¢(X°(0)) + UL el g T(X(s))dW

+Lte< 9/ [g Tf+—G g+—d|v( )| X (s))et,
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Idea of the proof - Change of coordinate

UA method
e e e (1 — e—h/s)Z 2~—2 1 e
Xivn = X5 + NVhoty + hF(X7) + =——(C6*g'g)(X})
o’e —2/’1/6 € ))&
+—(l-e )(G1g'g)(X5) +g(X;)A\,

((X511) = e7MEC(XE) + 0 (1 — e 2)g T (XE)En

h T P 1T o’
+e(l—e o) (g f+ =G 'g g'g+ — div(g))(X7).

e The variation of constants formula yields

t

CXE(1) = e C(XE(0)) + o f e<5-f>/€gT(XE<s>>dW

0
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|dea of the proof - Uniform weak expansion
Proposition
The solution of the penalized Langevin dynamics satisfies the uniform weak

expansion

E[¢(X*(h))] — E[¢(x + VA5 (x) + hBZ(X))]‘ < C+ x| )n2,
where

e e _ 1 €
\h

e _ =l _ e—2hfe) _ -1_T
F=ot+ g6+ (45 (1—e27) —1)g6 g T¢
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|dea of the proof - Uniform weak expansion
Proposition

The solution of the penalized Langevin dynamics satisfies the uniform weak
expansion

E[¢(X°(h))] = E[$(x + VhAj (x) + hBZ(X))]‘ < C(L+ X2,

where

e~he—1 € _
i=a£+TgG 1C+0< %(1—e—2”/5)—1)g6 lgTe

UA method

XE,1 = XS+ Vhot, + h[... ]+ g(XE)N,

C(Xzn) = €2C(XE) + oy 51— e—2h/f)gT(X§)sn
+s(1_eih/e)(ng+%2G gTglg + < dIV( NX5)-
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