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The overdamped Langevin equation in molecular dynamics
Consider N particles moving in a fluid with positions qptq and velocities pptq.
The particles are submitted to

a potential V pqq and the associated force �∇V pqq,
a friction force �γp,
a collision term

b
2γ
β dW ptq.

Then applying the fundamental principle of dynamics, we find the underdamped
Langevin equation:$&

%
dqptq � pptqdt,
dpptq � p�∇V pqptqq � γpptqqdt �

b
2γ
β dW ptq.

In a high friction regime (γ Ñ8), we obtain the following simplified equation
called the overdamped Langevin equation, where f � �∇V :

dX ptq � f pX ptqqdt � σdW ptq, X p0q � X0 P Rd .

This is a stochastic differential equation (SDE). It means that X satisfies

X ptq � X p0q �
» t

0
f pX psqqds �

» t

0
σdW psq.
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The overdamped Langevin equation in molecular dynamics
We consider the overdamped Langevin equation:

dX ptq � f pX ptqqdt � σdW ptq,

where f pxq � �∇V pxq and σ ¡ 0.

Different types of convergence:
Strong (approximation of a single trajectory for a realization of W ptq),
Weak (approximation of the law of X ptq),
Invariant measure (approximation of the law of X ptq at equilibrium).
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Example with a stiff potential
We consider the overdamped Langevin equation with d � 2

dX ptq � �∇V εpX ptqqdt � σdW ptq, V εpxq � 1
2ε p|x |

2 � 1q2 � 3px2
1 � x2

2 q2.

ε � 1 ε � 0.1

ε �
0.01

ε �
0.001
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Constrained Langevin dynamics
Adding constraints ζpX ptqq � 0 with ζ : Rd Ñ Rq (e.g. strong covalent bonds
between atoms, or fixed angles in molecules), the solution lies on the manifold
M � tx P Rd , ζpxq � 0u and we get constrained Langevin dynamics:

dX ptq � ΠMpX ptqqf pX ptqqdt � σΠMpX ptqq � dW ptq, X p0q � X0 P M,

where ΠM : Rd Ñ Rd�d is the projection operator on the tangent bundle of M.

Equivalent formulation, with g � ∇ζ:
dX ptq � f pX ptqqdt � σdW ptq � gpX ptqqdλt , ζpX ptqq � 0.
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dX ptq � ΠMpX ptqqf pX ptqqdt � σΠMpX ptqq � dW ptq, X p0q � X0 P M,

where ΠM : Rd Ñ Rd�d is the projection operator on the tangent bundle of M.

Ergodicity property:

lim
TÑ�8

1
T

» T

0
ϕpX psqqds �

»
M
ϕpyqρ8pyqdσMpyq almost surely.
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Penalized Langevin dynamics
In practice, constraints are satisfied up to a parameter ε, and we obtain penalized
Langevin dynamics:

dX ε � f pX εqdt � σdW � σ2

2 pG�1g 1gqpX εqdt � 1
ε
pgG�1ζqpX εqdt,
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Penalized Langevin dynamics
Overdamped Langevin dynamics in Rd :

dX � f pX qdt � σdW .

Constrained overdamped Langevin equation on M � tx P Rd , ζpxq � 0u:

dX 0 � f pX 0qdt � σdW � gpX 0qdλ0.

Penalized Langevin dynamics for simulating trajectories in the vicinity of the
manifold M, where g � ∇ζ and G � gT g :

dX ε � f pX εqdt � σdW � σ2

2 pG�1g 1gqpX εqdt � 1
ε
pgG�1ζqpX εqdt,

Question: can we create a numerical integrator for solving penalized dynamics,
with the properties of

accuracy and cost independent of ε?
convergence to a consistent scheme on the manifold M when εÑ 0?
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t¤T

E
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�
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�
¤ Cε.
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The Euler integrators in Rd

We consider the penalized overdamped Langevin dynamics:

dX ε � f pX εqdt � σdW � σ2

2 pG�1g 1gqpX εqdt � 1
ε
pgG�1ζqpX εqdt,

The Euler-Maruyama method is given by

X ε
n�1 � X ε

n � hf pX ε
n q � σ

?
hξn � hσ

2

2 pG�1g 1gqpX ε
n q �

h
ε
pgG�1ζqpX ε

n q,

where h is the timestep and ξn � N p0, Idq are independent Gaussian vectors.

Issue: the Euler scheme works for ε � Op1q, but becomes unstable when εÑ 0.

Remark
Possible solution of the instability with the implicit Euler method?

X ε
n�1 � X ε

n � hf pX ε
n q � σ

?
hξn � hσ

2

2 pG�1g 1gqpX ε
n q �

h
ε
pgG�1ζqpX ε

n�1q,

Issue: stability does not guarantee accuracy.
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The Euler integrators for constrained Langevin dynamics
Langevin dynamics on manifold M � tx P Rd , ζpxq � 0u

dX ptq � ΠMpX ptqqf pX ptqqdt � σΠMpX ptqq � dW ptq.
Equivalent formulation with Lagrange multipliers

dX ptq � f pX ptqqdt�σdW ptq�gpX ptqqdλt , ζpX ptqq � 0.

Example (Euler integrators)
Two widely used integrators are the Euler scheme with explicit projection
direction, where g � ∇ζ

Xn�1 � Xn � hf pXnq � σ
?

hξn � λgpXnq, ζpXn�1q � 0,

and alternatively the Euler scheme with implicit projection direction

Xn�1 � Xn � hf pXnq � σ
?

hξn � λgpXn�1q, ζpXn�1q � 0.

References: Ciccotti, Kapral, Vanden-Eijnden, 2005; Lelièvre, Le Bris,
Vanden-Eijnden, 2008; Lelièvre, Rousset, Stolz, 2010; . . .
Issue: The schemes work for εÑ 0, but become inaccurate when ε � Op1q.
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The Euler integrators for constrained Langevin dynamics
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Standard integrators for penalized Langevin
Penalized Langevin dynamics:

dX ε � f pX εqdt � σdW � σ2

2 pG�1g 1gqpX εqdt � 1
ε
pgG�1ζqpX εqdt,

Euler-Maruyama integrator in Rd - accurate when h ! ε, blow-up when εÑ 0:

Xn�1 � Xn �
?

hσξ � hf pXnq � hσ
2

2 pG�1g 1gqpXnq � h
ε
pgG�1ζqpXnq.

Constrained Euler scheme on M - accurate when εÑ 0, inaccurate else:

X 0
n�1 � X 0

n �
?

hσξ � hf pX 0
n q � gpX 0

n qλ0, ζpX 0
n�1q � 0.

Question: is it possible to create a consistent integrator with an accuracy
independent on ε?

integrator pX ε
n qn in Rd integrator pX 0

n qn on M

penalized dynamic X εptq in Rd constrained dynamic X 0ptq on M

hÑ0

εÑ0

hÑ0

εÑ0
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Related works on multiscale problems:
Highly-oscillatory problems: Btu � i

ε ∆u � F puq (Chartier, Lemou, Méhats,
Vilmart, 2020; Chartier, Lemou, Trémant, 2020; Laurent, Vilmart, 2020;
Almuslimani, Chartier, Lemou, Méhats, 2020; . . . )
Kinetic PDEs: Btu � 1

ε apvq∇x u � . . . (Crouseilles, Hivert, Lemou, 2015;
Bréhier, Rakotonirina-Ricquebourg, 2020; . . . )
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A new uniformly accurate integrator
New method

X ε
n�1 � X ε

n �
?

hσξn � hf pX ε
n q �

p1� e�h{εq2
2 pζ2G�2g 1gqpX ε

n q

� σ2ε

4 p1� e�2h{εqpG�1g 1gqpX ε
n q � gpX ε

n qλε,

ζpX ε
n�1q � e�h{εζpX ε

n q � σ

c
ε

2 p1� e�2h{εqgT pX ε
n qξn

� εp1� e�h{εqpgT f � σ2

2 G�1gT g 1g � σ2

2 divpgqqpX ε
n q.

This discretization solves with uniform accuracy the penalized Langevin dynamics:

dX ε � σdW � f pX εqdt � σ2

2 pG�1g 1gqpX εqdt � 1
ε
pgG�1ζqpX εqdt.

Idea: project a modified step of the Euler method on a modified manifold Mε

that is close to M when εÑ 0.

Theorem (L., 2021)
Under technical assumptions, the integrator pX ε

n qn lies on the manifold
when εÑ 0 and converges strongly to the constrained Euler scheme given by

X 0
n�1 � X 0

n �
?

hσξ � hf pX 0
n q � gpX 0

n qλ0, ζpX 0
n�1q � 0.
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?
h, n � 0, 1, . . . ,N,
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Numerical experiments - Invariant measure on the torus
We approximate

³
Rd ϕpxqρε

8pxqdx with the estimator J � 1
M
°M

m�1 ϕpX pmq
N q when

M is a torus in R3, and with the constraint ζpxq � p|x |2 � 8q2 � 36px2
1 � x2

2 q, the
map f pxq � �25px1 � 2, x2, x3q, and M � 107 trajectories.

We observe the uniform accuracy of the new method and the loss of accuracy of
the Euler schemes in Rd and on the manifold.
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Numerical experiments - Orthogonal group

We compute the weak error when M is the orthogonal group

Opmq � tM P Rm�m,MT M � Imu,

with the potential V pxq � 50|x � Im2 |2, the map f � �∇V , M � 106 trajectories,
the stiff parameter ε � 0.005 and the timestep h � 2�7 � ε.

m dimpMq q Jpmq error for sJUA error for sJEC

2 1 3 2.00934 3.1 � 10�3 1.8 � 10�2

3 3 6 3.01458 6.4 � 10�3 4.0 � 10�2

4 6 10 4.02050 1.1 � 10�2 7.2 � 10�2

5 10 15 5.02669 1.8 � 10�2 1.1 � 10�1

Remark: the Euler scheme in Rd blows up for the chosen parameters.
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Conclusion and outlook
Summary:

We introduced a new integrator for the approximation of penalized Langevin
dynamics with uniform accuracy.
The scheme is a projection method with a modified constraint.
We obtain weak consistency, and the method converges strongly to the Euler
scheme on M when εÑ 0. The integrator and its analysis work for problems
of any dimension and codimension.

Outlooks and future works:
High order UA integrators for penalized Langevin dynamics.
Generalized unified class of Runge-Kutta methods for approximating Langevin
dynamics in Rd , on manifolds and in the vicinity of manifolds.
Work in progress (with H. Munthe-Kaas, J. Stava, G. Vega-Molino): Lie-group
methods for Langevin dynamics.
Work in progress (with I. Almuslimani): UA integrator for SDEs with fast
stochastic oscillation.
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UA integrator in arbitrary codimension

UA method

X ε
n�1 � X ε

n �
?

hσξn � hf pX ε
n q �

p1� e�h{εq2
2 pg 1pgG�1ζqG�1ζqpX ε

n q

� σ2ε

8 p1� e�2h{εq∇ lnpdetpGqqpX ε
n q � gpX ε

n qλε,

ζpX ε
n�1q � e�h{εζpX ε

n q � σ

c
ε

2 p1� e�2h{εqgT pX ε
n qξn

� εp1� e�h{εq�gT f � σ2

4 gT ∇ lnpdetpGqq � σ2

2 divpgq�pX ε
n q

� σ2
�
εp1� e�h{εq �

c
εh
2 p1� e�2h{εq

	

�
ḑ

i�1
rppg 1pgG�1gT eiqqT gG�1gT eiqpX ε

n q � ppg 1peiqqT gG�1gT eiqpX ε
n qs.
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Idea of the proof - Change of coordinate

 Assume there exists a smooth change of coordinate

ψpxq �
�
φpxq
ζpxq



, with φ1g � 0.


 In these coordinates, the penalized Langevin dynamics rewrite into

dφpX εq � pφ1f qpX εqdt � σφ1pX εqdW � σ2

4 pφ1p∇ lnpdetpGqqqqpX εqdt

� σ2

2 ∆φpX εqdt,

dζpX εq � pgT f qpX εqdt � σgT pX εqdW � σ2

2 pG�1gT g 1gqpX εqdt

� σ2

2 divpgqpX εqdt � 1
ε
ζpX εqdt.


 The variation of constants formula yields

ζpX εptqq � e�t{εζpX εp0qq � σ

» t

0
eps�tq{εgT pX εpsqqdW

�
» t

0
eps�tq{ε

�
gT f � σ2

2 G�1gT g 1g � σ2

2 divpgq
�
pX εpsqqdt,
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�
φpxq
ζpxq



, with φ1g � 0.
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dφpX εq � pφ1f qpX εqdt � σφ1pX εqdW � σ2

4 pφ1p∇ lnpdetpGqqqqpX εqdt

� σ2

2 ∆φpX εqdt,

dζpX εq � pgT f qpX εqdt � σgT pX εqdW � σ2

2 pG�1gT g 1gqpX εqdt

� σ2
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ε
ζpX εqdt.
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» t

0
eps�tq{εgT pX εpsqqdW

�
» t

0
eps�tq{ε

�
gT f � σ2
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Idea of the proof - Change of coordinate
UA method

X ε
n�1 � X ε

n �
?

hσξn � hf pX ε
n q �

p1� e�h{εq2
2 pζ2G�2g 1gqpX ε

n q

� σ2ε

4 p1� e�2h{εqpG�1g 1gqpX ε
n q � gpX ε

n qλε,

ζpX ε
n�1q � e�h{εζpX ε

n q � σ

c
ε

2 p1� e�2h{εqgT pX ε
n qξn
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Idea of the proof - Uniform weak expansion
Proposition
The solution of the penalized Langevin dynamics satisfies the uniform weak
expansion���ErϕpX εphqqs � Erϕpx �

?
hAε

hpxq � hBε
hpxqqs

��� ¤ Cp1� |x |K qh3{2,

where

Aε
h � σξ � e�h{ε � 1?

h
gG�1ζ � σ

�c ε

2h p1� e�2h{εq � 1
	

gG�1gT ξ

UA method

X ε
n�1 � X ε

n �
?

hσξn � hr. . . s � gpX ε
n qλε,

ζpX ε
n�1q � e�h{εζpX ε

n q � σ

c
ε

2 p1� e�2h{εqgT pX ε
n qξn

� εp1� e�h{εqpgT f � σ2

2 G�1gT g 1g � σ2

2 divpgqqpX ε
n q.
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